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Abstract 

In high-frequency power electronic applications, power inductors often account 

for the majority of power losses, physical volume, and overall cost. Therefore, this 

research among other things addresses existing and proposes improved calculation and 

measurement techniques for the complex permeability and core power loss in ferrite-

based magnetic components used in SMPSs. The new complex permeability 

measurement and calculation technique uses a series equivalent inductor model with a 

single fitting variable to closely reflect the physical behavior of the magnetic component 

and ensures accurate permeability estimation regardless of the inductor's size, geometry, 

winding configuration, or frequency range. The validation of the proposed model is 

performed both mathematically and through test-bench measurements. The results 

show that, if the inductor stray capacitor ESR loss tangent is correctly defined, then it is 

possible to obtain a relative fitting error of less than 2% across the entire frequency range. 

Based on complex permeability measurements, an enhanced inductor model is 

introduced, separating stray capacitance into winding- and core-related components, 

thereby improving AC loss modelling in SPICE based simulations. Regarding the core 

loss, a new core loss model dedicated to sinusoidal and rectangular AC voltages, called 

here an improved RESE (iRESE), is proposed. The iRESE extends the RESE by unifying 

the Steinmetz-based core loss model with the small-signal complex permeability model 

to comprehensively complete the entire core loss characteristics, regardless of the 

magnitude of the excitation signals, which was not previously possible. Moreover, it also 

considers the rectangular excitation of signals and the DC bias phenomenon commonly 

present in SMPSs, along with the magnetic permeability roll-off near the core saturation 

level and the influence of temperature changes. The model is structured to be modular, 

meaning that each part of it can be used separately according to the intended application. 

This is a unique approach that provides engineers and scientists with all the required 

information regarding core loss at once, as well as the flexibility to choose the approach 

depending on the application they are working on. The method was validated through 

test-bench measurements and includes error analysis to identify limitations in both 
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simulation and measurement setups. The results show a very good agreement between 

measurements and fitting results. However, the up-to-date SPICE simulation results are 

less precise due to the incomplete non-linear magnetizing current model, which is 

scheduled for future work. Although, developed for SMPSs, the approach is also 

applicable to other systems that use non-sinusoidal waveforms, such as electric vehicle 

inverters and wireless power systems. 
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Abstrakt 

W wysokoczęstotliwościowych impulsowych przekształtnikach 

energoelektronicznych, elementy magnetyczne odpowiadają za większość strat mocy, 

objętość i koszt końcowego produktu. W związku z tym, niniejsza praca w głównej 

mierze skupia się na nowej metodzie pomiaru i obliczania przenikalności magnetycznej 

oraz strat w rdzeniach ferrytowych. Zaproponowana metoda pomiaru i obliczania 

zespolonej przenikalności magnetycznej oparta jest na szeregowym zastępczym modelu 

dławika z jedną zmienną dopasowującą. Takie podejście pozwala na wierne i fizyczne 

odwzorowanie zachowania elementu magnetycznego, a użycie jednej zmiennej 

dopasowującej zapewnia wysoką dokładność dopasowania, a także umożliwia 

precyzyjne obliczenie zespolonej przenikalności magnetycznej, niezależnie od rozmiaru, 

kształtu, konfiguracji uzwojenia czy częstotliwości pracy dławika. Weryfikacja 

zaproponowanego modelu została przeprowadzona matematycznie oraz za pomocą 

pomiarów na testowym stanowisku laboratoryjnym, osiągając błąd dopasowania 

poniżej 2% w całym przedziale badanej częstotliwości. Bazując na pomiarach 

laboratoryjnych skonstruowano ulepszony model obwodowy dławika. Model ten dzieli 

pojemność pasożytniczą na dwie części: jedną związaną z uzwojeniami oraz drugą 

związaną z rdzeniem, a także wprowadza częstotliwościowo zależną wartością ESR 

kondensatora pasożytniczego. Te wyniki mogą pomóc w opracowaniu ulepszonych 

modeli strat dławików oraz uniwersalnych modeli symulacyjnych (np. modeli SPICE). 

Praca wprowadza także nowy model strat mocy w rdzeniu – iRESE, będący 

rozwinięciem modelu RESE. Model iRESE rozszerza RESE poprzez unifikację modelu 

strat w rdzeniu opartym na równaniu Steinmetza z modelem małosygnałowym 

zespolonej przenikalności magnetycznej, aby kompleksowo opisać charakterystyki strat 

w rdzeniu bez względu na amplitudę sygnałów wzbudzenia, co wcześniej nie było 

możliwe. Dodatkowo zaproponowana metoda uwzględnia prostokątne sygnały 

wzbudzenia wraz ze składową stałą, co jest zjawiskiem powszechnie występującym w 

SMPS, a także spadek przenikalności magnetycznej w pobliżu nasycenia rdzenia oraz 

wpływ zmian temperatury na straty. Oprócz tego, model zbudowany jest modułowo, co 
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oznacza, że każda jego część może być użyta niezależnie. Jest to unikalne podejście, 

które dostarcza inżynierom i naukowcom wszelkich niezbędnych informacji 

dotyczących strat w rdzeniu, a jednocześnie daje swobodę wyboru metody w zależności 

od konkretnej aplikacji, nad którą pracują. Zaproponowana metoda została 

zweryfikowana podczas pomiarów laboratoryjnych, a także zawiera analizę błędów w 

celu identyfikacji potencjalnych ograniczeń symulacyjnych jak i pomiarowych. Wyniki 

wykazują bardzo dobrą zgodność pomiarów z wynikami dopasowania, jednak bieżące 

wyniki symulacji obwodowej SPICE są jeszcze mało precyzyjne z powodu 

niekompletnego nieliniowego modelu prądu magnesującego, którego rozbudowa 

planowana jest w następnej fazie prac badawczych. Choć zaproponowana metoda 

została opracowana dla zasilaczy impulsowych, można ją także stosować w innych 

systemach wykorzystujących przebiegi niesinusoidalne, takich jak np. falowniki 

pojazdów elektrycznych i bezprzewodowe systemy zasilania. 
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Chapter 1 

1. Introduction. 

1.1 Background. 

Modern lifestyles demand the use of a wide range of electronic devices, such as 

computers, mobile phones, and household appliances, all of which are predominantly 

powered by the electricity derived from the fossil fuels. Simultaneously, there is a rising 

concern over an air pollution and global warming, primarily driven by the greenhouse 

gas emissions resulting from the combustion of the coal and the oil. In response, global 

authorities are promoting the transition to green energy sources, including electric 

vehicles and renewable energy solutions such as solar and wind power. However, the 

effective integration and operation of these technologies would not be possible without 

the implementation of highly efficient power electronics systems [1]. 

Power electronics systems, while essential to modern energy infrastructure, face 

several critical challenges. Foremost among these are the growing market and consumer 

expectations for devices that combine high efficiency with compactness, affordability, 

and reliability. Meeting these demands requires a fragile trade-off between minimizing 

power losses and reducing physical size. As devices shrink, power density, defined as 

the power handled per unit volume increases, leading to greater losses and intensified 

thermal stress. As a result, the maximum permissible operating temperature becomes a 

key factor limiting the continued miniaturization of power electronic components [1]. 

Recent advancements in semiconductor switching technologies, particularly the 

adoption of wide-bandgap materials like silicon carbide (SiC) and gallium nitride (GaN), 

have partially addressed the challenge of low conversion efficiency in high-frequency 

switch-mode power supplies (SMPS). These materials offer significant advantages over 

traditional silicon-based devices, including superior switching speed, higher breakdown 

voltage, and enhanced thermal conductivity. However, while these improvements 

significantly boost semiconductor performance, they are not sufficient to eliminate 

overall efficiency limitations in power converters. This is largely due to the losses 

associated with the magnetic components, such as inductors and transformers, which 
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often dominate total power loss in high-frequency operation and remain a major 

constraint [2]. 

These components are a key element in power electronic systems, responsible for 

a significant portion of the power losses and the overall volume of the final power supply 

system solutions. For this reason, it is advisable to expand knowledge about them and 

be able to optimize their design. Contemporary knowledge in the field of magnetic 

components, although very broad, is very dispersed, and selected phenomena are 

described using analytical equations, empirical formulas, or complex numerical models. 

For example, copper losses are described by Dowell's, Ferreira's, and modified 

Kazimierczuk's equations or, for a specific case, simulated using the FEM method [3-9]. 

This makes the design process much more difficult as the designer has to go through 

different solution concepts and calculations to find a sufficiently accurate match. This is 

a highly inefficient process, both in terms of the resources used and the time needed to 

reach a solution. 

The better visualisation of the above is shown in Figure 1. If an inductor is not 

well optimized, at least two outcomes might happen. One of the outcomes is the 

oversizing. In this case, an inductor is made larger than its optimum size. The larger 

inductor requires more material and takes up more space on the printed circuit board 

(PCB) than is actually needed. It is contrary to the market requirements for a small and 

inexpensive device. This outcome represents the material waste and the waste of space. 

On the other hand, the second outcome is downsizing. The inductor is made 

smaller than its optimum. In this case, the inductor must carry an excess amount of 

power through a limited volume of space. This means the higher power density requires 

additional thermal management to address the associated hot spots. The hot spots might 

easily cause the entire electronic system the inductor is part of to fail, or simply the 

device will not meet the customer's or the standard-based requirements regarding 

thermal management. Both outcomes provide for one point: the waste of time and 

money for an already poorly designed magnetic component, and another waste of time 

and money, which will be incurred in the future to undertake another iteration of the 

entire design process to achieve the desired optimal solution. 
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Figure 1: Magnetic Component Design Optimization Issues.  

Figure 2: Power Electronics Industry Road Map and Challenges.  
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The power electronics industry has already foreseen these issues, pointing out 

that the design optimization of magnetic components is the key challenge at present, as 

shown in Figure 2 [10-11]. 

1.2 Objectives. 

The research goal is to introduce innovative design and calculation procedures 

for calculating losses in magnetic components that are part of power electronic systems. 

Proven design procedures, which are based on analytical equations, empirical formulas 

and numerical models are a necessary condition, closely related to technical progress 

and the need to meet technical requirements in advanced commercial projects.  

Research goals include, but are not limited to: 

• Theoretical, analytical, and experimental verification of complex permeability. 

• Theoretical, analytical, and experimental verification of the core loss and the core 

resistance. 

• The design and development of the FEM models for simulation-based 

verification of the magnetic components’ equivalent circuit models. 

• The design and development of SPICE-based models for simulation-based 

verification of magnetic components’ power loss and core resistance. 

• The design of the test bench for experiments. 

• Verification of presented methods and determination of their practical 

usefulness. 

• Tools development for calculation and design of magnetic components (VBA, 

SMath) – verification of created tools and assessment of their practical usefulness. 

1.3 Scope of the Thesis. 

The thesis consists of seven chapters with the content shown in Figure 3 and 

described as follows: 

 

Chapter 1 briefly discusses the background of the research and the challenges that face 

power electronic systems regarding market requirements for reliability, size, cost, 

efficiency, and associated power loss and thermal management issues. The key 

objectives and scope of the thesis are then defined. 
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Chapter 1

SMPS Market Requirements Regarding: 

Reliability, Size, Cost, Efficiency, Power Loss.

Chapter 2

State-of-the-Art of Commercial SMPS:

•     Most Common Topologies,
•     Requirements Regarding Magnetic Components,

•     Magnetic Components Power Loss Calculation Techniques.

Chapter 3

Improved Ferrite-Based Inductors Analytical Modelling and 
Calculation Techniques Regarding:

•     Complex Permeability,

•     Core Loss.

Chapter 4

Experimental Test-Bench Verification of Analytical Models and 
Calculation Techniques of:

•     Complex Permeability,
•     Core Loss iRESE Model.

Chapter 5

FEM and SPICE Simulation Regarding:

•     Complex Permeability,
•     Core Loss iRESE Model.

Chapter 6

Error Analysis Regarding:

•     Simulation Errors,
•     Measurement Errors.

Chapter 7

Conclusion and Future Work

Novelty

Verification

 

Figure 3: Structure of the PhD Dissertation.  
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Chapter 2 describes the most common topologies of SMPS converters, along with the 

requirements of the magnetic components used in commercial designs. The state-of-the-

art power loss calculation techniques of the ferrite-based magnetic components are also 

discussed.  

 

Chapter 3 introduces new, author-based analytical modelling and calculation techniques 

regarding complex permeability and core loss in ferrite-based inductors. A complex 

permeability iterative curve fitting technique is proposed, followed by an in-depth 

explanation of inductor resonance and the origin of parasitic components in the inductor 

equivalent model. This leads to the proposal of an improved equivalent model for the 

inductor, which can be further utilized in simulation software. Next, the improved RESE 

(iRESE) core loss model is proposed. It considers the influence of the DC bias, sinusoidal 

and non-sinusoidal excitation signals, permeability roll-off near saturation, and also 

combines two core loss models, which originate from the small- and large-signal 

domains. Moreover, the iRESE is structured in a modular manner, which is a unique 

approach. This means that each part can be used separately, according to the application 

it is intended for, giving engineers and scientists freedom of choice depending on the 

application they work on. 

 

Chapter 4 introduces the experimental test-bench verification of the analytical models 

shown in Chapter 3. The chapter is split into two parts: (i) the first part deals with the 

small-signal measurement and calculation techniques of complex permeability using an 

impedance analyzer as a main tool, and (ii) the second part verifies the claims regarding 

the iRESE model. Firstly, verification is performed in the small-signal domain again, 

with the help of an impedance analyzer. At this stage, the unification of the complex 

permeability and Steinmetz-based core loss models occurs. Then, the model is verified 

in the large-signal domain by measuring the core loss of the tested inductors in a 

temperature-controlled environment, such as an oil bath. This is done using a two-

winding method. Based on the results, curve fittings are performed to mathematically 

express the core loss characteristics and unify the proposed core loss model, regardless 

of the type of excitation signal and DC bias. 
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Chapter 5, through FEM and SPICE simulations, verifies the assumptions and claims 

made in Chapters 3 and 4, respectively. The FEM simulation has been used to verify the 

origin of the inductor stray capacitance; the information is required to build a precise 

equivalent inductor model. The SPICE simulation is used to verify the assumptions 

regarding the non-linear behavior of the core resistance and the core loss. This 

information is required to build a precise inductor SPICE model for circuit simulations. 

 

Chapter 6, in its general form, highlights possible measurement and simulation errors 

and explains their origin. The identification of these errors is crucial for a better 

understanding of potential measurement discrepancies and their magnitude in relation 

to the obtained results. 

 

Chapter 7 summarizes the dissertation, provides the final conclusion to the presented 

research work and describes potential areas for future development. 
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Chapter 2 

2. Magnetic Components used in SMPS Converters. 

2.1 Selected Topologies of SMPS Converters. 

Over a hundred years ago, there was a war, not the First World War, one might 

expect, but the war between two genius individuals, Thomas Alva Edison and Nikola 

Tesla. The war was about the form of electricity, which should be generated, distributed 

and delivered to the companies and the people, and called by those at the time: The War 

of Currents [12]. Edison was championing the direct current (DC) system, while Tesla 

championed the alternating current (AC) system. The war was won by Nikola Tesla, and 

since then, the AC has been flowing in our sockets. However, is the AC really a winner 

these days? 

In fact, nowadays, the electric grid mostly distributes AC power over long 

distances. This is not due to higher efficiency compared to the DC grid, but rather due 

to the ease of generating AC-type electricity and transforming it from one level to 

another through a chain of step-up and step-down transformers.  

However, the DC grid slowly but surely wins its place on the market and 

substitutes the AC one. This is thanks to the reduced associated power losses and 

advances in the design of highly efficient power electronics converters, which transform 

the generated AC power into distributed DC power. Moreover, there are growing 

concerns about greenhouse gas emissions, and the green energy is now at the center of 

attention. DC battery systems mostly fuel green energy. Mobile phones, laptops, LEDs, 

solar cells, and electric vehicles all run on DC power. 

The importance of power electronics in everybody’s lives and the vast number of 

converters in existence today can be seen in Figure 4 [13-14]. It is not only this number 

that makes an impression, but also the variety of control schemes and the possibility of 

using power converters according to application-specific purposes throughout all types 

of industries, as depicted in Figure 5 and Figure 6, respectively [15-17].  
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Figure 4: Classification of Selected Power Electronics Converters.  

Figure 5: Control Schemes for Power Electronics Converters.  
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Figure 6: Application Roadmap of Different Power Electronics Equipment.  

Figure 7: Block Diagram of AC-DC Switch Mode Power Supply. 

The architecture of a typical switch-mode power supply is shown in Figure 7 [18]. 

In the beginning, the input common-mode and/or differential-mode filters remove any 

mains voltage transients that might otherwise enter and damage the power supply. The 

filters also work in the opposite way, preventing any electromagnetic interference (EMI) 

created within the high switching converter from being conducted to the AC mains.  

If the input signal passes through the input filter stage, it is then directed to a 

bridge rectifier, which creates a pulsating DC voltage. This voltage is smoothed by a bulk 

105104103102101
10-1

100

101

102

103

104

105

Power Transmission 
Equipment

Large Motor Drives

Transportation 
Power Equipment

Railway Traction Drives 

RF Power Supplies

Home Appliances

Drives for HEV & FCV

Solar Cells
Fuel Cells

UPS

Industrial Drives

Voltage [V]

P
o

w
er

 [
k

V
A

]

 

Voltage

CurrentAC IN

Input CM/DM Filter Rectifier PFC Switch Transformer Rectifier

Secondary 
Ground

DC OUT

Isolation

Reference/Error 
Amplifier

OptocouplerPWM Driver

Primary 
Ground

 



2 .  M a g n e t i c  C o m p o n e n t s  u s e d  i n  S M P S  C o n v e r t e r s  P a g e  | 11 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

capacitor, which also provides the signal hold-up function.  

Due to the numerous passive components used in the power supply and the high 

switching frequency, the initial mains signals are distorted. This distortion appears in 

the form of unwanted apparent power and a large number of harmonics. Therefore, the 

next stage required by the regulatory standards is the power factor correction (PFC) 

circuitry, usually made in the form of a boost converter. The PFC filters the noise made 

by the converter’s switching circuitry, keeping the power factor (PF) close to unity and 

the total harmonic distortion (THD) close to zero.  

The filtered and enhanced DC signal from the PFC goes to the transformer. There, 

the driver IC and the switching power semiconductors convert it to a highly alternating 

one to be carried by the transformer to the output stage. In this step, the transformer 

serves as an isolation barrier between the output and the input and its turns ratio permits 

a step-up or step-down function for the conducting signal. 

The transformer secondary output is passed through an output rectifier to the 

load. Part of the signal is also fed to the feedback loop, which comprises a comparator, 

the optocoupler, and the PWM driver IC. The comparator compares the output signal 

against a reference one to provide tight regulation. The optocoupler provides galvanic 

isolation for the feedback to the primary PWM IC circuitry, which, based on the chosen 

control method, adjusts any deviations in the output signal. The type of control method 

chosen is application-specific, with a focus on minimizing both conducted and radiated 

EMI to meet regulatory standards, as shown in Figure 4 and Figure 5, respectively. 

In this dissertation, however, only three power electronics converters will be 

discussed in more detail: the buck converter (a non-isolated step-down converter), the 

boost converter (a non-isolated step-up converter), and the flyback converter (an isolated 

step-down/step-up converter). These three converters are the backbones of modern 

converter architectures. They are most commonly used in the electronic systems of 

domestic appliances and LED lighting systems, which is the focus of this research.  

The buck converter is a step-down converter that transforms a higher DC input 

voltage into a lower DC output voltage, based on the functionality of the control loop. 

The general principle of operation in the steady-state of continuous conduction mode 

(CCM) is depicted in Figure 8 [15, 19-20]. 
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Figure 8: Buck Converter Operation in Continuous Conduction Mode; (a) 𝑡𝑂𝑁  and 𝑡𝑂𝐹𝐹 

State of the Switch 𝑄; (b) Switch 𝑄 Current; (c) Freewheeling Diode 𝐷 Current; (d) 

Inductor 𝐿 Voltage; (e) Inductor 𝐿 Current; (f) Output Capacitor 𝐶𝑂𝑈𝑇 Current. 

In the first part of the switching cycle, the switch 𝑄 is in the on-state and the free-

wheeling diode 𝐷 is reverse-biased. The whole current flows through the inductor 𝐿 to 

the output capacitor 𝐶𝑂𝑈𝑇 and to the load 𝑅𝐿𝑂𝐴𝐷. In this state, the inductor magnetizes 

itself, storing energy within its magnetic field. When switch 𝑄 is in the off-state, the free-

wheeling diode is forward-biased clamping one of the inductor nodes (so-called 

switching node) near the ground, changing its voltage bias. In this state, the inductor is 

demagnetizing itself, allowing the current to flow to the output.  

As depicted in Figure 8d, the integral of the inductor voltage over one period of 

time in the steady-state of the continuous conduction mode must be equal to zero. This 

implies: 

(𝑉𝑖𝑛 − 𝑉𝑜𝑢𝑡) ⋅ 𝑡𝑜𝑛 = 𝑉𝑜𝑢𝑡(𝑇𝑠 − 𝑡𝑜𝑛) (1) 
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Figure 9: Boost Converter Operation in Continuous Conduction Mode; (a) 𝑡𝑂𝑁  and 𝑡𝑂𝐹𝐹 

State of the Switch 𝑄; (b) Switch 𝑄 Current; (c) Diode 𝐷 Current; (d) Inductor 𝐿 Voltage; 

(e) Inductor 𝐿 Current; (f) Output Capacitor 𝐶𝑂𝑈𝑇 Current. 

Equation (2) illustrates the main buck converter control principle, where the duty 

ratio 𝐷 determines the relationship between the converter input and output voltage, as 

well as the duration of the switch 𝑄 being in the on-state. In contrast to the buck 

converter, the boost converter is a step-up converter, which boosts the DC input voltage 

to higher values. The converter itself and its principle of operation in steady-state CCM 

are depicted in Figure 9 [15, 19-20]. 

In the first part of the switching cycle, the switch 𝑄 is in the on-state, clamping 

one of the inductor nodes (the switching node) close to the ground. During this period, 

the inductor magnetizes itself and stores energy within its magnetic field. At the same 

time, diode 𝐷 is reverse-biased, isolating the output stage from the input. When switch 

𝐷 =
𝑉𝑜𝑢𝑡
𝑉𝑖𝑛

=
𝑡𝑜𝑛
𝑇𝑠

 (2) 
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𝑄 switches to the off-state, diode 𝐷 becomes forward-biased, and the load receives 

energy from the input, along with the energy stored by the inductor, which boosts the 

output voltage level above the input one.  

Similar to the buck converter, the boost converter, the integral of the inductor 

voltage over one period of time in the steady-state of the continuous conduction mode 

equals zero, and thus: 

The equation (4) illustrates the main principle of the boost converter control, where the 

duty ratio 𝐷 determines the relationship between the converter's input and output 

voltages, as well as the duration of the switch Q's on-state. 

The last converter, whose working principle will be illustrated, is the flyback 

converter. 

The converter itself and its principle of operation in steady-state CCM are depicted in 

Figure 10 [15, 19-20]. The main function of this type of converter is to introduce a galvanic 

isolation between the primary and secondary circuitry. 

During the switch 𝑄 on-state, the current flows from the input through the 

primary winding of the transformer-like inductor to the ground. The inductor 

magnetizes itself during this period, storing the energy within its magnetic field. At the 

same time, the output diode 𝐷 is reverse-biased, so the load is sourced from the output 

bulk capacitor.  

During the switch 𝑄 off-state, the primary current is cut off. The voltage across 

the flyback inductor changes its bias and the diode 𝐷 becomes forward-biased, 

conducting the energy stored in the inductor to the load and the bulk output capacitor. 

The design of the flyback converter is more complicated than the buck and the boost 

ones and the relationships that rule its control and design are as follows: 

𝑉𝑖𝑛 ⋅ 𝑡𝑜𝑛 = −(𝑉𝑖𝑛 − 𝑉𝑜𝑢𝑡) ⋅ (𝑇𝑠 − 𝑡𝑜𝑛) (3) 

1

1 − 𝐷
=
𝑉𝑜𝑢𝑡
𝑉𝑖𝑛

=
𝑇𝑠
𝑡𝑜𝑓𝑓

 (4) 

𝑉𝑅𝑂 =
𝐷

1 − 𝐷
⋅ 𝑉𝐼𝑁 (5) 

𝐿𝑃 =
(𝑉𝐼𝑁 ⋅ 𝐷)

2 ⋅ 𝑇𝑆
2 ⋅ 𝑃𝐼𝑁

 (6) 
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Figure 10: Flyback Converter Operation in Continuous Conduction Mode; (a) tON and 

tOFF State of the Switch Q; (b) Inductor Primary Current 𝐼𝑝; (c) Inductor Secondary 

Current 𝐼𝑆; (d) Inductor Primary Voltage 𝑉𝑃; (e) Inductor Secondary Voltage 𝑉𝑆; (f) 

Output Capacitor COUT Current. 

The discontinuous conduction mode (DCM), the control principles, including the 

type of control, compensation, stability, converter transfer functions, the power loss of 

the entire converter and selection of the converter's remaining components except the 

magnetic one, are out of the scope of this thesis and left for the reader’s self-study.  
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2 ⋅ 𝑃𝐼𝑁 ⋅ 𝐿𝑃

𝑇𝑆
⋅
1

𝑉𝐼𝑁
   (7) 
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2.2 Properties of Magnetic Components used in SMPS Converters. 

The SMPS converters can be used in numerous applications, and thus their 

magnetic components must be chosen accordingly to meet the application-specific 

requirements.  

Several books, papers, manufacturers’ application notes, and other online-based 

resources attempt to describe, categorize, classify, and evaluate magnetic components 

used in the power electronics industry [1], [4], [21-37]. This is not an easy task, as there 

are numerous applications, varying points of view, and multiple categories. 

However, it can be assumed that the starting point for describing the magnetic 

component is first to realize what function it should perform within the electronic system 

it is going to be part of. Therefore, from the perspective of functionality, the magnetics 

can be divided into four major groups: storage, filtering, galvanic isolation 

(voltage/current adaptation), and coupling, as shown in Figure 11 [30-31].  

The storage group consists of inductors and inductor-like transformers. The 

inductor stores the energy within its magnetic field and releases it when the exciting 

current is removed. A similar situation occurs with inductor-like transformers, such as 

flyback transformers, where the transformer stores the energy supplied by the primary 

circuit and transfers it to the secondary one, depending on the primary voltage bias. This 

provides galvanic insulation between the circuits at the same time.  

The filtering group consists of electromagnetic interference (EMI) filters and 

inductors. The EMI interference is generated within the power electronic converters due 

to the high-frequency switching of multiple semiconductor devices. It can be radiated 

through the air or transmitted through the wire conductors, interfering with 

communications or mains supply signals. Depending on the type of interference, the 

common-mode (CM) and/or the differential-mode (DM) filters can be used. These filters 

eliminate unwanted noise by converting it to heat, and in conjunction with capacitors, 

can also provide selective band-pass or band-stop filtering, eliminating EMI noise. The 

storage inductor, in conjunction with a capacitor, can also provide EMI and energy 

storage filtering by smoothing the current ripple superimposed on the DC output of the 

converter.  
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Figure 11: Functional Classification of Magnetic Components used in SMPS. 

The galvanic isolation & voltage/current adaptation group consists of power 

transformers, RF transformers and precision transformers. The power transformers 

convert the AC energy from the primary level of voltage and current to the secondary 

level simultaneously, providing galvanic isolation between the primary and secondary 

circuits. The RF transformers operate at frequencies above 500 kHz, with their primary 

application being to couple the AC and decouple the DC signals from the output stage 

of the RF amplifier to the input of the next stage. They are also used in impedance-

matching circuitry. The precision transformers consist of current transformers, fluxgate 

magnetometers, and Hall-effect transducers. Current transformers have one turn of wire 

on the primary side and several turns on the secondary. The secondary current is 

proportional to the primary current divided by the number of secondary turns. Current 
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transformers are extensively used in power electronics to measure the primary current 

without interfering with the primary circuit. The flux gate magnetometers, similar to 

Hall sensors, are extensively used in electric motor controllers, solar panel power 

inverters, and electric vehicle battery chargers for precise contactless current sensing [38-

39].  

The reactors group consists of saturable reactors and magnetic amplifiers (MAG 

AMPs). In saturable reactors, the DC that passes through the winding drives the device 

in and out of magnetic saturation. This changes the device flux transfer ratio and the 

output of the controlled device. These reactors are used for voltage and current control 

at high power in industrial furnaces and high-power voltage regulators. The magnetic 

amplifiers have similar functionality, except they are used in square wave and pulse 

wave applications as variable series impedance [40-41]. 

The coupling group consists of coupled inductors and wireless power transfer 

(WPT) couplers. The function of the coupled inductor is to transfer energy from the 

primary to the secondary winding that is wound on the same core. The coupled 

inductors are often used in interleaved multiphase power converters, where they allow 

for achieving higher efficiency and faster transients by reducing the number of 

components and the inductor size [42-43]. The WPT couplers are used to transmit energy 

in space via a high-frequency magnetic field, which is more convenient as it eliminates 

the need for cables or bolts [44-45]. 

2.3 Properties of Magnetic Materials used in SMPS Converters. 

The topic of magnetic materials used in power electronics is also very broad. The 

right choice again depends on the application-specific requirements; however, it can be 

assumed that the desired characteristics of a magnetic core material should include [21], 

[30], [46]: 

• high saturation flux density, 

• high Curie temperature, 

• low magnetostriction, 

• high permeability, 

• low coercivity, 

• high resistivity, 
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• low power loss, 

• broad usable frequency range, 

• low size, volume and mass, 

• long lifetime estimation, 

• low cost. 

The high saturation flux density characteristics mean that the core material can be 

exposed to higher peak current levels before it saturates, and thus it has higher power 

and energy handling capabilities. The higher saturation level, smaller magnetic core, and 

higher levels of integration and miniaturization are possible. However, a higher power 

density might cause a significant temperature rise in the magnetic component, which 

can reduce the saturation flux density level to a significant extent. This must be taken 

into account during the design process to avoid any possibility of thermal runaway and 

catastrophic failure, which could otherwise occur [21], [47].  

At the Curie temperature, ferromagnetic, ferrimagnetic, and antiferromagnetic 

materials lose their magnetic characteristics and become paramagnetic. Therefore, the 

higher the Curie temperature, the wider the operating temperature range and the higher 

possible saturation and permeability levels of the magnetic material [21], [48-49]. 

The magnetostriction is a property of magnetic materials that causes a change in 

shape during the magnetization process. The dimensional change is associated with a 

distribution of distorted magnetic domains present in the magnetically ordered material 

under the influence of an externally applied magnetic field. Magnetostriction causes an 

energy loss due to frictional heating and is responsible for the low-pitch humming noise, 

which is both undesired [4], [21], [48], [49].  

High permeability means fewer turns are required to achieve the desired 

inductance, resulting in less associated winding power loss and less material needed to 

build the coil. Moreover, for DC applications, especially in shielding, where the flux 

must be channelled through the material, the permeability must remain as high as 

possible [27]. 

Low coercivity means reduced B-H loop and thus less associated hysteresis loss 

[27]. 
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High resistivity reduces the magnitude of the eddy currents induced in the 

magnetic core, and thus the magnitude of the eddy current-related power loss. 

The core manufacturers deliver characteristics of the magnetic material, 

specifically power loss versus magnetic flux density, temperature, and frequency. These 

characteristics are specific to the given core material. The lowest power loss at a given 

operating point gives the highest conversion efficiency and the lowest temperature rise. 

The origin of the magnetic material power loss will be discussed in detail in the following 

paragraphs. 

The usable frequency range of the magnetic material mostly depends on its natural 

and/or dimensional resonance, whichever occurs earlier, and the specific power loss at a 

given frequency. Above the limit described by the first or the second phenomenon, the 

complex permeability sharply drops and thus, the value of the inductance. The specific 

power loss, as given by the performance factor, should not exceed 200 mW/cm³ [21]. 

The low size, volume, and mass requirements are associated with the mechanical 

strength of the magnetic component itself and other electronic components, e.g., printed 

circuit boards (PCBs), within which the magnetic component is embedded. Moreover, 

the market requirement for miniaturization and the specific power loss, as specified in 

datasheets, per unit of volume or unit of mass, must also be taken into account. The 

bigger or the heavier the magnetic component is, the greater the power loss.  

The long lifetime estimation requirement assumes that the magnetic component 

should undergo several magnetization/demagnetization cycles, during which it 

experiences power loss, temperature gradients, and mechanical stresses, without 

deterioration of its performance for several years. 

The cost requirement imposes the requirement mentioned in Chapter 1 for a 

device as cheap as possible, a key factor in the highly competitive and cost-sensitive 

power electronics market.  

The magnetic materials themselves can be divided into three major groups: soft 

magnetic materials, hard magnetic materials and semi-hard magnetic materials [36-37]. 

The soft magnetic materials are the group that is mostly used in SMPS, and it is this 

group that the research is focusing on.  
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The soft magnetic materials can be divided into eight major groups: iron and low 

carbon steels, iron-silicon alloys, iron-nickel alloys, iron-cobalt alloys, ferrites, 

amorphous alloys, soft magnetic composites (powder alloys), and nanocrystalline alloys.  

The commercially available iron and low-carbon magnets have high magnetic flux 

saturation levels reaching 𝐵𝑠 = 1.5 ÷ 2.15 [𝑇], permeability in the range of 103  ÷ 50 ⋅

104 and the coercivity of 20 − 120 [𝐴/𝑚]. However, their low resistivity of 10−7 [Ω ⋅ m] 

significantly limits their usable range to static and low-frequency applications, such as 

electromagnets, relays, small motors, and electromechanical mechanisms, where cost is 

a major concern [4], [28-29], [33-37], [50-56]. 

The iron-silicon (FeSi) alloys have higher resistivity than pure iron and low-carbon 

alloys, reaching up to 8 ⋅ 10−7 [Ω ⋅ 𝑚], which effectively reduces the eddy current losses. 

Moreover, the silicon atoms embedded in the iron increase the alloy's relative 

permeability up to 8 ⋅ 105 decreasing hysteresis losses and lowering magnetostriction-

related noise. However, adding the silicon to the iron structure decreases saturation 

magnetic flux density (0.5 ÷ 2.12 [𝑇]) and Curie temperature. The FeSi cores are 

typically used for line transformers, aircraft power transformers operating at 400𝐻𝑧, 

electric motors, generators, relays, and filter inductors operating below 5𝑘𝐻𝑧 [4], [28-29], 

[33-37], [50-56]. 

The iron-nickel (NiFe) alloys are available on the market in two versions, with high 

and low nickel content. The resistivity of these alloys is in the range of 4.8 ⋅ 10−7 ÷ 5.8 ⋅

10−7 [Ω ⋅ 𝑚] and their saturation flux density vary from 0.6 ÷ 1.6 [𝑇] depending on the 

amount of nickel used. Most commercially available cores have a relative permeability 

of 40 ⋅ 103 ÷ 100 ⋅ 103 with some reaching 300 ⋅ 103 (Ultraperm) and even 106 

(Supermalloy) but at the cost of lowering the saturation magnetic flux density level. The 

Curie temperature is around 450𝑜 [𝐶]. These cores are sensitive to mechanical stress, so 

they are placed in protective cases filled with damping medium. The NiFe alloys can be 

found in current transformers, wide-band transformers, saturable reactors, power 

inverters, DC-DC converters and magnetic sensors [4], [28-29], [33-37], [50-56]. 

The cobalt-iron (CoFe) alloys have the highest saturation flux density, reaching 

2.4 [𝑇]. Adding cobalt to iron increases the Curie temperature up to 950𝑜 [𝐶] (Vacoflux). 

The commercially available cores have relative permeability reaching 104 and even 8 ⋅
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104 (Supermendur) and resistivity of 3.5 ⋅ 10−7 [Ω ⋅ 𝑚]. The application of CoFe alloys 

includes transformers where high flux densities and low power loss are required, as well 

as magnetic amplifiers and motors used in spaceborne devices [4], [28], [33-37], [50-56]. 

The soft ferrite ceramics are dense, hard, brittle, chemically inert and homogenous 

polycrystalline made of iron oxides (𝐹𝑒2𝑂4) mixed with oxides or carbonates. Usually, 

they are commercially available in the compounds of manganese and zinc (𝑀𝑛𝑍𝑛) or 

nickel and zinc (𝑁𝑖𝑍𝑛). In general, ferrites have high relative permeability in the range 

of 40 ÷ 105 and high resistivity of 105  ÷ 107 [Ω ⋅ 𝑚]. Ferrite cores are insulators and thus 

experience only hysteresis loss. The ferrites limiting factors are the low magnetic flux 

density saturation levels of around  0.3 [𝑇] on average and the low Curie temperature in 

the range of 150 ÷ 300 [𝑜𝐶]. 

The manganese-zinc alloys (𝑀𝑛𝑍𝑛) usually have the permeability in the range of 

500 ÷ 20000, the magnetic flux density saturation levels within 0.35 ÷ 0.8 [𝑇], relatively 

low resistivity of 0.5 ÷ 2 [Ω ⋅ 𝑚], and Curie temperature of 130 ÷ 280 [𝑜𝐶]. The 𝑀𝑛𝑍𝑛 

ferrites usable frequency range is up to 4 [𝑀𝐻𝑧]. 

The nickel-zinc alloys (𝑁𝑖𝑍𝑛) have lower but stable relative permeability in the 

wide frequency range 20 ÷ 350, high resistivity 103 ÷ 107 [Ω ⋅ 𝑚], saturation magnetic 

flux density of up to 0.8 [𝑇], Curie temperature around 300 [𝑜𝐶] and operating frequency 

range of 0.1 ÷ 1 [𝐺𝐻𝑧]. The ferrites for microwave applications, such as spinels, garnets 

and hexaferrites, can even be used in the gigahertz switching range of up to 100 [𝐺𝐻𝑧]. 

The soft ferrites are brittle and sensitive to mechanical stress; as the stress increases, the 

permeability also increases. They are commonly used in power electronics applications, 

e.g., in high-frequency power inductors and transformers, common-mode chokes, EMI 

high-impedance filters, antennas, and sensors [4], [28-29], [33-37], [50-56]. 

The amorphous alloys are compounds of iron and other magnetic materials, such 

as nickel and cobalt, that lack a regular, repetitive, and compact structure and are 

therefore known as metallic glasses. The relative permeability of these alloys is very 

high, ranging from 104 to 106. Their magnetic saturation point is in the range of 0.57 to 

1.8 [𝑇], while the resistivity is in the range of 10−6 ÷ 2 ⋅ 10−6 [Ω ⋅ 𝑚]. The Curie 

temperature stays within the limit of 225 ÷ 420 [𝑜𝐶] and the usable frequency range is 

up to 250 [𝑘𝐻𝑧] [4], [28-29], [33-37], [50-56]. 
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The powder alloys are usually made of iron powders, molybdenum permalloy 

powders (MPP), or Kool M© powders. The powder cores are made from thin particles 

of magnetic material coated with an inert insulator, which separates the particles from 

each other. The insulating material creates an embedded and evenly distributed air gap. 

This reduces the value of saturation flux, increases resistivity, reduces eddy currents and 

introduces a soft saturation characteristic. The usual permeability of powdered iron is in 

the range of 3 ÷ 550, the saturation magnetic flux density is 0.5 ÷ 1.6 [𝑇], the typical 

resistivity is around 1 [Ω ⋅ 𝑚], and the Currie temperature ranges from 400 ÷ 770 [𝑜𝐶]. 

The usual usable frequency range is up to 100 [𝑘𝐻𝑧], while some MPP materials can be 

used up to 1 [𝑀𝐻𝑧]. The iron powder cores for radio frequency applications can even be 

used in systems switching above 100 [𝑀𝐻𝑧]. The MPPs cores are used in pulse and 

flyback transformers, EMI filters while Kool M© cores are suited for DC bias 

applications, SMPS inductors, inductor for power factor correction (PFC) circuits and 

uninterruptable power supplies (UPS) [4], [28-29], [33-37], [50-56]. 

The nanocrystalline alloys combine the high permeability of amorphous materials 

with the low energy losses of ferrites. It makes them a good candidate for power 

electronics applications because their resistivity is around 0.8 ⋅ 10−6 −  1.2 ⋅ 10−6 [Ω ⋅ 𝑚], 

the Curie temperature is up to 600 [𝑜𝐶] and usable frequency range of up to 150 [𝑘𝐻𝑧]. 

The nanocrystalline alloys' permeability is in the range of 500 ÷ 3 ⋅ 105 while the 

saturation magnetic flux density is in the range of 1.2 ÷ 1.5 [𝑇]. However, these materials 

are susceptible to air gaps and eddy current losses within the core sheets, which cause 

overheating and limit the operating frequency range and possible core size reduction. 

These alloys are used in current transformers and common mode EMI filters [4], [28-29], 

[33-37], [50-56]. 

The soft magnetic alloys commonly used in SMPS converters are depicted in 

Figure 12, while their properties are compiled and presented in Table 1 [4], [28-29], [33-

37], [50-56]. It is worth noting that the data presented in Table 1 is based on information 

collected from the literature and refers to a specific group of soft magnetic alloys, rather  

than a particular magnetic material. The information included in this table can be used 

as a starting point to indicate where to seek a magnetic material with the desired 

characteristics for a particular application. 
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Figure 12: Soft Magnetic Alloys Commonly used in SMPS Converters.  

 

Table 1: Properties of Soft Magnetic Alloys used in SMPS Converters. 

Magnetic Alloy 

Max. Relative 

Permeability 

Range 
𝝁𝒎𝒂𝒙 

Coercive 

Field 
𝑯𝒄 [𝑨/𝒎] 

Saturation 
𝑩𝒔 [𝑻] 

Curie 

Temperature 
𝑻𝒄 [

𝒐𝑪] 

Saturation 

Magnetostriction 
𝝀𝒔 [𝒑𝒑𝒎] 

Resistivity 
𝝆 [𝛀𝒎] 

Frequency Range 

Iron and low-

carbon steel 
1000-50000 10-120 1.5-2.15 760-810 5 10−7 50Hz-3000Hz 

Fe-Si 3000-80000 4-80 0.5-2.12 690-765 0.5-10 2.5 ⋅ 10−7 − 8 ⋅ 10−7  50Hz – 5000Hz 

Fe-Ni 40000-1000000 0.25-40 0.6-1.6 450 25 4.8 ⋅ 10−7 − 5.8 ⋅ 10−7  50Hz – 20000Hz 

Fe-Co 1000-80000 30-700 2.4 950 70 3.5 ⋅ 10−7 1kHz – 100kHz 

Ferrites MnZn 500-20000 5-80 0.35-0.8 130-280 -2 0.5 -2 10kHz - 4MHz 

Ferrites NiZn 40-300 20-350 0.25-0.8 110-400 -20 103 − 107 0.1MHz – 1GHz 

Amorphous 

Alloys 
10000-1000000 0.02-4 0.57-1.8 225-420 0.5-40 1 ⋅ 10−6 − 2 ⋅ 10−6 0.4kHz – 250kHz 

Powder Alloys 3-550 0.6-4 0.5-1.6 400-770 -2.8-8.2 100 ⋅ 10−6 − 1 1kHz – 100MHz 

Nanocrystalline 

Alloys 
500-300000 0.5-3 1.2-1.5 570-600 0.1-2 0.8 ⋅ 10−6 − 1.3 ⋅ 10−6 0.4kHz - 150kHz 

Iron & Low 
Carbon

Fe-Si Fe-Ni Fe-Co Ferrite Amorphous Powder Nanocrystalline

Soft Magnetic Materials 
used in SMPS Converters

Vacofer Supermalloy

Permalloy

Grain 
Oriented

No Grain 
Oriented

Mumetal

Isoperm

Invar

Permendur

Hiperco

Vacoflux

Vacodur

MnZn

NiZn

Wave

Spinels

Garnets

Hexaferrites

Metglas

Vitrovac

Iron Vitroperm

Finemet

Nanoperm

Nanomet

HitpermPerminvar

Permenorm

Vacoperm

Ultraperm

Recovac

Kool M

MPP

Hi-Flux

Sendust

Megaflux

Somaloy

Carbonyl

HRI

SMC

Alloys
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Usually, the power electronics applications for domestic appliances and the LED 

lighting systems switch at frequencies between 30𝑘𝐻𝑧 ÷ 200𝑘𝐻𝑧 and transfer power of 

up to 5𝑘𝑊. In these applications, the powder cores are primarily used as the DM/CM 

chokes for EMI filtering, while the ferrites are utilized to convert energy from one level 

to another. This is because ferrites have low power loss and no thermal aging compared 

to powder alloys of equivalent parameters [55], [57-59]. Moreover, ferrites are cost-

efficient and come with a greater variety of core shapes, allowing for more flexible design 

and adjustment of the air gap. Therefore, they are considered the preferred magnetic 

material of choice in this research.  

2.4 Loss Mechanisms in Ferrite Magnetic Components. 

2.4.1 Winding Loss. 

The alternating currents that flow in the windings and the core of the magnetic 

component generate a magnetic field due to their own currents and also magnetic fields 

due to all current-carrying conductors in their vicinity. These, in turn, induce an 

electromotive force that, according to Faraday’s law, creates eddy currents in the 

conductors. The eddy currents oppose penetration of the conductor by the magnetic field 

and convert electromagnetic energy into heat, generating additional ohmic losses. The 

eddy-current phenomena can be split into two parts: the skin effect and the proximity 

effect. The skin effect exists in conductors and is created by the magnetic field of their 

own time-varying current. The proximity effect, on the other hand, is also due to the 

magnetic field, but in this case, it is created by the time-varying currents flowing in 

adjacent conductors. Both of the phenomena are orthogonal to each other and can be 

considered separately [1-9], [60-68]. 

The skin effect limits the effective cross-sectional area of the conducting wire to a 

tiny depth, known as the skin depth, near its surface, thereby increasing the effective 

wire resistance. Explaining the phenomenon, the following current 𝑖(𝑡) generates the 

circular magnetic field 𝐻(𝑡) inside and outside of the conductor as shown in Figure 13. 

The field generates the eddy currents within the conductor, which flow in the 

opposite direction to the applied current 𝑖(𝑡) in the centre of the wire and in the same  
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Figure 13: Skin Effect in Round Wire at High Frequencies.  

direction near its surface. This results in a nonuniform current distribution, with the net 

current concentration near the wire surface [2], [4], [60-68]. 

The proximity effect is caused by the time-varying current in conductors, which 

generates internal and external time-varying magnetic fields that induce eddy currents 

in nearby conductors of adjacent winding layers in multi-layer inductors and 

transformers. In this case, each conductor is subject to its own field and the fields 

generated by other inductors. If the conductor carries its own current, the total eddy 

current is the sum of the skin and the proximity effect; otherwise, only the proximity 

effect eddy current is induced. This is due to the orthogonal superposition of these two 

phenomena, where the skin effect exhibits even symmetry, and the proximity effect 

exhibits odd symmetry. The proximity effect of the three-layer foil inductor is shown in 

Figure 14 [2], [4], [60-68]. 

As shown in Figure 14d, the core is placed inside the windings. Suppose the 

number of layers increases, starting from the layer adjacent to the core and proceeding 

outward to the outermost one. In that case, the amount of the current encircled by the  
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Figure 14: Proximity Effect in Foil Winding Inductor; (a) Cross-Section of the Windings; 

(b) Current Density Distribution; (c) Magnetic Field Intensity Distribution; (d) Top View 

of the Windings with Highlighted Ampere Contours (dashed lines).  

Amperian contour also increases, and with it the flux density. The magnetic flux lines, 

according to the Lenz right-hand rule, are parallel to the winding layers and normal to 

the turns and the direction of the current. With the assumption that the core relative 

permeability is infinite, the magnetic field inside the core is zero. The time-varying 

current 𝑖(𝑡), which is forced to flow through all the layers, is first induced on the outer  
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Figure 15: Boundary Conditions at the Foil Winding nth Layer.  

surface of the innermost layer. The same current with opposite direction −𝑖(𝑡) is induced 

on the innermost surface of the adjacent conductor in the second layer. Because the net 

current is 𝑖(𝑡) the current 2𝑖(𝑡) must flow on the right surface of the second layer. This 

rule is applied to all layers, as shown in Figure 14.  

The equation, which combines skin and proximity losses into a single solution, is 

the well-known Dowell’s equation. The final form of this equation for sinusoidal 

excitation can be achieved using cylindrical [62] or Cartesian [4] coordinates, as shown 

below. 

The magnetic field and current density distribution in the foil conductor can be 

calculated using one-dimensional Maxwell equations: 

Due to the symmetry (see Figure 15) only the 𝑦 and 𝑧 coordinates can be used and the 

equations (9)-(10) can be rewritten as: 

∇ 𝑥 𝐸 = −𝜇0 ⋅
𝜕𝐻

𝜕𝑡
  (9) 

∇ 𝑥 𝐻 = 𝜎𝐸 = 𝐽 (10) 

𝑑𝐸𝑦

𝑑𝑥
= −𝑗𝜔𝜇0𝐻𝑧 (11) 

−
𝑑𝐻𝑧
𝑑𝑥

= 𝜎𝑤𝐸𝑦 = 𝐽𝑦 (12) 

nH0

E(xn0)

S(xn0)

(n-1)H0

E(xni)

S(xni)
z y

x

xni

xn0

h

nth layer
Centre of 
the core

w
0

 



2 .  M a g n e t i c  C o m p o n e n t s  u s e d  i n  S M P S  C o n v e r t e r s  P a g e  | 29 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

Based on the equations (11)-(12) the skin depth can be calculated using the so-

called scalar Helmholtz equation for a one-dimensional field distribution in the direction 

𝑥, which is as follows [2], [4], [62]: 

where the complex propagation constant is given by: 

and the skin depth 𝛿𝑤 is: 

This solution can be solved by applying boundary and initial conditions to the left and 

right surfaces of each winding layer, as depicted in Figure 15. 

It is assumed that the core is an ideal one with infinite relative permeability. This 

implies that the magnetic field intensity in the core is zero, and thus, the magnetic field 

at the inner (left) surface of the first layer is 𝐻(0) = 0. Moreover, the magnitude of the 

magnetic field between layers is assumed to be constant and if the value between the 𝑛𝑡ℎ 

and the (𝑛𝑡ℎ + 1) layer is considered, it should be calculated on the outer (right) surface 

of the 𝑛𝑡ℎ layer. The Ampere’s law at this surface is given by: 

The amplitude of the magnetic field intensity between the first and second layers is: 

The initial condition for magnetic field intensity at the outer surface of the 𝑛𝑡ℎ layer is: 

and similar at the inner surface of the 𝑛𝑡ℎ layer is: 

Then, the constants 𝐻1 and 𝐻2 can be calculated as follows: 

𝑑2𝐻𝑧(𝑥)

𝑑𝑥2
= 𝑗𝜔𝜇𝜎𝑤𝐻𝑍(𝑥) = 𝛾

2𝐻𝑧(𝑥) 𝑓𝑜𝑟 𝑥 ≥ 0 (13) 

𝛾 = √𝑗𝜔𝜇𝜎𝑤 = (1 + 𝑗)√𝜋𝜇𝜎𝑤𝑓 =
1 + 𝑗

𝛿𝑤
 (14) 

𝛿𝑤 =
1

√𝜋𝜇𝜎𝑤𝑓
= √

𝜌𝑤
𝜋𝜇𝑟𝜇0𝑓

 (15) 

𝐻𝑧(𝑥) = 𝐻(𝑥) = 𝐻1𝑒
𝛾𝑥 +𝐻2𝑒

−𝛾𝑥 (16) 

∮ 𝐻 ⋅ 𝑑𝑙 = 𝑛𝑖𝑙 = 𝑛𝐼𝑚cos (𝜔𝑡)
𝐶𝑛

 (17) 

𝐻0 =
𝐼𝑚
𝑤

 (18) 

𝐻(𝑥𝑛𝑜) = 𝑛𝐻0 =
𝑛𝐼𝑚
𝑤

= 𝐻1𝑒
𝛾𝑥𝑛0 +𝐻2𝑒

−𝛾𝑥𝑛0 (19) 

𝐻(𝑥𝑛𝑖) = (𝑛 − 1)𝐻0 =
(1 − 𝑛)𝐼𝑚

𝑤
= 𝐻1𝑒

𝛾𝑥𝑛𝑖 +𝐻2𝑒
−𝛾𝑥𝑛𝑖 (20) 
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Using equations (21) and (22) in equation (16) yields the magnetic field intensity in the 

𝑛𝑡ℎ layer: 

where ℎ = 𝑥𝑛0 − 𝑥𝑛𝑖 is the foil thickness. 

Substitution of equation (23) into equation (11) gives the electric field intensity in the 𝑛𝑡ℎ 

layer: 

According to the Poynting theorem, the power flowing into a closed surface 𝑆 at any 

point of time is equal to the power dissipated as heat and the energy stored in electric 

and magnetic fields within the volume 𝑉 [4], which is expressed for sinusoidal excitation 

as: 

As depicted in Figure 15, the Poynting vector has a normal component perpendicular 

only to the left and right surfaces of the foil conductor. Therefore, the complex power of 

the 𝑛𝑡ℎ layer can be expressed as [4]: 

The DC power loss of the 𝑛𝑡ℎ layer can be expressed as: 

The normalized complex power in the 𝑛𝑡ℎ layer of foil winding is: 

where: 

𝐻1 = 𝐻0
𝑛𝑒−𝛾𝑥𝑛𝑖 − (𝑛 − 1)𝑒−𝛾𝑥𝑛0

𝑒−𝛾ℎ − 𝑒𝛾ℎ
= 𝐻0

𝑛𝑒−𝛾𝑥𝑛𝑖 − (𝑛 − 1)𝑒−𝛾𝑥𝑛0

2sinh ((𝛾ℎ)
 (21) 

𝐻2 = 𝐻0
(𝑛 − 1)𝑒−𝛾𝑥𝑛0 − 𝑛𝑒−𝛾𝑥𝑛𝑖

𝑒𝛾ℎ − 𝑒−𝛾ℎ
= 𝐻0

(𝑛 − 1)𝑒−𝛾𝑥𝑛0 − 𝑛𝑒−𝛾𝑥𝑛𝑖

2sinh ((𝛾ℎ)
 (22) 

𝐻(𝑥) = 𝐻0
𝑛 ⋅ 𝑠𝑖𝑛ℎ[𝛾(𝑥 − 𝑥0)] + (𝑛 − 1)sinh [𝛾(𝑥𝑛0 − 𝑥)]

sinh (γh)
 (23) 

𝐸(𝑥) = 𝜌𝑤
𝑑𝐻(𝑥)

𝑑𝑥
= 𝐻0𝜌𝑤𝛾

(𝑛 − 1)𝑐𝑜𝑠ℎ[𝛾(𝑥𝑛0 − 𝑥)] − n ⋅ cosh [𝛾(𝑥 − 𝑥𝑛𝑖)]

sinh (γh)
 (24) 

∮(𝐸 𝑥 𝐻∗) ⋅ 𝑑𝑠 = −∭(𝜌𝑤|𝐽|
2 + 𝑗𝜔𝜖0|𝐸|

2

𝑉

+ 𝑗𝜔𝜇0|𝐻|
2)𝑑𝑉

𝑆

 (25) 

𝑃𝑍𝑛 = 𝑤𝑙𝑇𝐸(𝑥𝑛𝑖𝐻(𝑥𝑛𝑖) − 𝐸(𝑥𝑛0)𝐻(𝑥𝑛0) =
𝜌𝑤𝑙𝑇𝐼𝑚

2 𝛾

2𝑤
[coth(𝛾ℎ) + 2(𝑛2 − 𝑛)tanh (

𝛾ℎ

2
)] (26) 

𝑃𝑤𝐷𝐶𝑛 =
𝜌𝑤𝑙𝑇𝐼𝑚

2

2𝑤ℎ
=
𝜌𝑤𝑙𝑇𝐼𝐷𝐶

2

𝑤ℎ
 (27) 

𝑃𝑍𝑛
𝑃𝑤𝐷𝐶𝑛

= (
ℎ

𝜌𝑤
) (1 + 𝑗) [coth(𝛾ℎ) + 2(𝑛2 − 𝑛) tanh (

𝛾ℎ

2
)] (28) 
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The winding resistance of the 𝑛𝑡ℎ layer can be obtained by rearranging equation (28) as 

follows: 

The winding resistance of all layers is given by: 

where: 

and thus: 

Equation (34) is Dowell’s equation for the multilayer foil winding resistance. 

This equation can be easily transformed to calculate the high-frequency winding 

resistance of rectangular, square, round, or Litz wire, as shown in [4]. 

2.4.2 Core Loss  

The core loss of the ferrite-based magnetic components is due to the internal 

structure of the ferrite material and the characteristics of the applied external magnetic 

field. In ferrites, the magnetization process is mainly due to the electron spin moment 

within each atom and spin interactions and their alignments among neighbouring atoms 

within the crystal grains of the polycrystalline ferrite. The grains create small regions of 

uniform magnetization, called magnetic domains, in the same direction. Domains of  

coth(𝛾ℎ) =
sinh (

2ℎ
𝛿𝑤
) − 𝑗𝑠𝑖𝑛ℎ (

2ℎ
𝛿𝑤
)

cosh (
2ℎ
𝛿𝑤
) − 𝑐𝑜𝑠 (

2ℎ
𝛿𝑤
)

 (29) 

tanh (
𝛾ℎ

2
) =

sinh (
ℎ
𝛿𝑤
) + 𝑗𝑠𝑖𝑛ℎ (

ℎ
𝛿𝑤
)

cosh (
ℎ
𝛿𝑤
) + 𝑐𝑜𝑠 (

ℎ
𝛿𝑤
)

 (30) 

𝑅𝑤𝑛 =
𝑅𝑒{𝑃𝑍𝑛}

𝑃𝑤𝐷𝐶𝑛
𝑅𝑤𝐷𝐶𝑛 = 𝑅𝑤𝐷𝐶𝑛 (

ℎ

𝛿𝑤
) [
sinh (

2ℎ
𝛿𝑤
) + 𝑠𝑖𝑛 (

2ℎ
𝛿𝑤
)
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2ℎ
𝛿𝑤
) − 𝑐𝑜𝑠 (

2ℎ
𝛿𝑤
)
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ℎ
𝛿𝑤
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ℎ
𝛿𝑤
)
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ℎ
𝛿𝑤
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𝛿𝑤
)
] (31) 

𝑅𝑤 =∑ 𝑅𝑤𝐷𝐶𝑛 (
ℎ
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𝛿𝑤
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𝛿𝑤
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ℎ
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]

𝑁𝑙
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 (32) 
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3
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Figure 16: Magnetizing Curve of Ferrite Magnetic Component. 

opposite direction of magnetization are separated from each other by the domain walls, 

as shown in Figure 16. Moreover, the state of local magnetization depends on factors 

such as grain structure, grain size, presence of impurities, local stress, and the balance of 

local energy. The local energy depends on [4], [33], [48], [52], [69]: 

• magnetostatic energy associated with demagnetizing fields,  

• magnetocrystalline energy associated with the anisotropy of crystals, 

• exchange energy associated with the interactions between neighbouring 

magnetic moments, 

• magnetoelastic energy associated with the magnetostriction effect, 

• domain wall energy associated with the interaction between neighbouring 

electron spins. 

The magnetization process, as shown in Figure 16, can be divided into a few 

steps. Initially, the magnetic material is fully demagnetized, and the applied external 

magnetic field is zero. The domains within the material are fully magnetized and 

randomly oriented, so the net flux measured outside is also zero. If a small external 

magnetic field is applied, it interacts with the magnetic domains within the material, and 

the domains attempt to realign with the imposed field. The domains in which the 

direction of dipoles is close to the applied field grow in size while others diminish. At 
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this stage, the process is reversible; if the applied magnetic field is removed, the material 

returns to its original state without any irreversible changes, and the hysteresis 

phenomenon does not exist. Beyond this point, if the external magnetic field still 

increases, more and more spinning electrons inside the material align with the external 

magnetic field resulting in a stronger magnetic flux density. This realignment produces 

a high relative permeability of the ferromagnetic material; however, the movement of 

the domain walls becomes irreversible, and if the external magnetic field is removed, the 

material remains partially magnetized, exhibiting the hysteresis phenomenon. 

The movement of particular domain walls in this magnetization stage is detectable as 

the Barkhausen emission effect, resulting in discontinuities of the magnetic flux density 

and jumps in the magnetizing characteristics. Finally, suppose the magnitude of the 

external magnetic field is increased above the knee point. In that case, the movement of 

domain walls stops, and the magnetization is primarily due to the rotation of the 

magnetic domains' direction inside the material. The external magnetic field tends to 

realign all the magnetic domains along its direction. If the magnetic flux density reaches  

the saturation level, the magnetic material is fully magnetized, becoming a single 

domain, and all spinning electrons are aligned with the external magnetic field. If 

magnetization reaches the saturation level, the change in magnetic flux density is smaller 

than the change in magnetic field intensity, and the relative permeability drops to one, 

as for an air coil. The saturation causes excessive core loss and localized hot spots due to 

the nonuniform magnetic flux distribution inside the ferrite core. Moreover, the 

saturation flux density decreases as the temperature increases. 

The effects that contribute to core loss, as well as the most common core loss 

models, are shown in Figure 17. 

The mathematical models are divided into five main approaches: the Rayleigh, 

the Duhem, the Preisach, the Chua, and the Play, each with numerous variations (not 

depicted). Because these models involve substantial mathematical analysis, only two of 

them —the most popular ones, the Jiles-Atherton [33], [70-73] and the Coleman-

Hodgdon [70], [74] — will be briefly discussed. The others are left for the reader to 

explore through self-study using the external literature sources [33], [70], [75-86]. 
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Figure 17: Core Loss Models. 
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The assumption of the Jiles-Atherton core loss model takes into account the real 

physical aspects of the magnetization process, which contrasts with, for example, the 

Rayleigh or Preisach approach. The model is based on energy analysis and separates the 

mechanisms of reversible and irreversible domain wall motions, as well as the pinning 

of domain walls. The Langevin expression is used to describe the anhysteretic curve and 

separate the reversible and irreversible domain wall motions. The expression is given 

by: 

where 𝐻𝑒 = 𝐻 + 𝛼𝑀 is the effective magnetic field intensity taking into account 

interdomain coupling. The 𝑎 parameter characterizes the shape of anhysteretic 

magnetization, while the 𝛼 parameter is the interdomain coupling coefficient. Suppose 

the energy dissipation due to the domain wall motions and the domain walls' pinning is 

taken into account. In that case, the non-reversible motion magnetization changes of the 

walls are expressed by [33], [70-73]: 

where: 

is the pinning constant, the 𝑐 is the initial susceptibility of the magnetization curve, 𝜒𝑎𝑛 

is the differential susceptibility of the anhysteretic curve at the origin, 𝜒𝐻𝑐 is the slope of 

the hysteresis loop at 𝐻𝑐. The final version of the hysteresis model with the reversible 

changes 𝑀𝑟𝑒𝑣 = 𝑐(𝑀𝑎𝑛 −𝑀𝑛𝑟𝑒𝑣) included is given by [33], [70-73]: 

Some changes have been made to the original equation (38) to account for the directional 

dependency linked to the rate-independence of the Duhem model and to compensate 

for some problems with unphysical negative permeability [33], [87-89], as follows: 

𝑀𝑎𝑛(𝐻𝑒) = 𝑀𝑠 (coth (
𝐻𝑐
𝑎
) − (

𝑎

𝐻𝑒
)) (35) 

𝑑𝑀𝑛𝑟𝑒𝑣
𝑑𝐻

=
1

𝑘 − 𝛼(𝑀𝑎𝑛 −𝑀𝑛𝑟𝑒𝑣)
(𝑀𝑎𝑛 −𝑀𝑛𝑟𝑒𝑣) (36) 

𝑘 = 𝑀𝑎𝑛(𝐻𝑐){
𝛼

1 − 𝑐
+ [

1

(1 − 𝑐)𝜒𝐻𝑐 −
𝑐𝑑𝑀𝑎𝑛(𝐻𝑐)

𝑑𝐻

]} (37) 

𝑑𝑀

𝑑𝐻
=

𝑀𝑎𝑛 −𝑀𝑛𝑟𝑒𝑣
𝑘 − 𝛼(𝑀𝑎𝑛 −𝑀𝑛𝑟𝑒𝑣)

+ 𝑐 (
𝑑𝑀𝑎𝑛
𝑑𝐻

−
𝑑𝑀𝑛𝑟𝑒𝑣
𝑑𝐻

) (38) 

𝑑𝑀

𝑑𝐻
=

1

1 + 𝑐
𝛿𝑑

𝑀𝑎𝑛 −𝑀𝑛𝑟𝑒𝑣

𝑘𝛿 − 𝛼(𝑀𝑎𝑛 −𝑀)
+

𝑐

1 + 𝑐

𝑑𝑀𝑎𝑛
𝑑𝐻

  (39) 
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Figure 18: Coleman-Hodgdon Model of Hysteresis; (a) the Example of Anhysteretic 

Curve 𝑓(𝐻) and Reversible Function 𝑔(𝐻); (b) the Hysteresis Curve with Distance 𝑥 to 

Anhysteretic Curve 𝑓(𝐻); (c) the Change of Distance 𝑑𝑥/𝑑𝐻. 

The difficulty with the Jiles-Atherton model is finding the fitting parameters 𝑀𝑆, 𝛼, 𝑎, 𝑐, 𝑘, 

however, several up-to-date studies have already been done on this subject, and thus 

these might be of help to define their values [90-93]. 

The Coleman-Hodgdon hysteresis-based core loss model is given by the following 

equation [33], [94-97]: 

The anhysteretic curve 𝑓(𝐻) describes the hysteresis, the reversible function 𝑔(𝐻) 

describes the drift from the anhysteretic curve, while the parameter 𝛼𝑐 is a fitting 

parameter that differs between the fitting models.  

The drift function is reversible and similar to the derivative of the anhysteretic 

curve 𝑓(𝐻). It sets the initial curve and defines how the slope 𝑑𝐵/𝑑𝐻 drifts away from 

the anhysteretic function. Moreover, it should be lower than 𝑑𝑓(𝐻)/𝑑𝐻, otherwise, it 

might stay along the anhysteretic curve and move without the hysteresis.  

The second term describes the relationship between the 𝑑𝐵/𝑑𝐻 slope and the 

distance 𝑥 to the anhysteretic curve, which can be expressed as [33], [94-97]: 

The 𝑑𝐵/𝑑𝐻 slope increases by a factor of 𝛼𝐶𝑥 and if the distance 𝑥 is high enough, 

the slope 𝑑𝐵/𝑑𝐻 follows the slope of the anhysteretic curve and the distance stops 

increasing. This can be expressed by the following equation: 

𝑑𝐵

𝑑𝐻
= 𝑔(𝐻) ± 𝛼𝑐(𝑓(𝐻) − 𝐵) (40) 

𝑥 = 𝑓(𝐻) − 𝐵 (41) 

𝑑𝑥

𝑑𝐻
=
𝑑𝑓(𝐻)

𝑑𝐻
−
𝑑𝐵

𝑑𝐻
 (42) 

H

B
f(H)

B(H)
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The limiting curves described by the equation (42) are the maximum distances 

between the hysteresis and the anhysteretic curve.  

The examples of the Coleman-Hodgdon model functions are shown in Figure 18. 

This model will be discussed later in Chapter 3 regarding possible improvements to the 

state-of-the-art solutions. 

The empirical core loss model group is probably the most popular, versatile, and 

widely used among scientists and engineers for estimating core losses at various 

excitation signals. All the models within this group derive from the original work of 

Charles Steinmetz in the late 19th century [98-125].  

The original Steinmetz equation (OSE) is designed to calculate the average core 

power loss per unit of volume or unit of mass [102] and is given by: 

The 𝑘, 𝛼, 𝛽 are the Steinmetz parameters obtained in the fitting of the double logarithmic 

core loss characteristics, usually given by the core manufacturers. These parameters 

depend on the switching frequency 𝑓 and the maximum magnetic flux density 𝐵𝑚 as 

depicted in the equation. The OSE, despite its simplicity, does not take into account DC 

signals and is not suitable for non-sinusoidal excitation signals [119], which usually 

prevail in modern switch-mode power supplies. Moreover, the Steinmetz parameters 

depend on the temperature [46], [98-100], [103-104]. 

The modified Steinmetz equation (MSE) was introduced to calculate the core losses 

caused by non-sinusoidal excitation waveforms. This approach assumes that the core 

loss is directly proportional to the rate of change of the magnetic flux density, 𝑑𝐵/𝑑𝑡, a 

physical parameter that can substitute for the empirical, non-physical parameter of the 

fundamental magnetization frequency in the OSE. Therefore, the goal of this method is 

to find the equivalent magnetization frequency, normalized with respect to a sinusoidal 

case, assuming an average magnetic flux density rate of change [46], [70-73], [98-100], 

[103-104]. The relationships are as follows: 

𝑃𝑂𝑆𝐸 = 𝑘𝑓
𝛼𝐵𝑚

𝛽
 (43) 
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1
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∮
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)
2

𝑑𝑡 = Δ𝐵 ⋅
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2
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∫ (
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)
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where: the Δ𝐵 = 𝐵𝑚𝑎𝑥 − 𝐵𝑚𝑖𝑛, 𝐵𝑚 =
Δ𝐵

2
 and the 𝑘, 𝛼, 𝛽 are the parameters taken from the 

OSE. 

Despite the improvement in accuracy over the OSE for non-sinusoidal excitation, the 

MSE suffers from low accuracy at both low and high duty cycles. The possible cause is 

the close-to-boundary duty cycles, which introduce a significant change in the 

distribution of higher harmonics, thereby lowering the fundamental frequency 

component. This leads to inaccurate results if the original Steinmetz parameters are used 

[46], [98-101], [111], [115], [119-120]. 

The generalized Steinmetz equation (GSE) has been introduced as another 

improvement to the MSE. This method assumes that the average specific power loss is 

proportional to the instantaneous value of the magnetic flux density 𝐵(𝑡) and also its 

rate of change 𝑑𝐵(𝑡)/𝑑𝑡. The coefficients of the final method formula have been chosen 

to match the MSE for sinusoidal waveforms, and the formula is given as follows: 

where: 𝑘, 𝛼, 𝛽 are the Steinmetz coefficients as in the MSE and the 𝜃 is the phase angle of 

the sinusoidal waveform. 

The advantage of the GSE over the MSE is its sensitivity to the DC bias and the ability to 

calculate the core loss at any excitation level. However, its disadvantage is the limitation 

on accuracy when higher harmonics in the magnetic flux density become significant. In 

this case, an analytical approach to the hysteresis loss must be taken into account due to 

the existence of minor loops [46], [98-100], [105], [115]. 

The improved generalized Steinmetz equation (iGSE) was introduced to mitigate the 

GSE issues, including minor hysteresis loops and higher harmonics in the magnetic flux 

density. It was assumed that the magnetic flux density is piece-wise linear, which allows 

for calculating the power loss of the major loop and each minor loop separately. The total 

loss is assumed to be the weighted average of each loop, where the contribution of each 

is weighted by the fraction of the total period it occupies. Moreover, the iGSE replaces 

𝑃𝑀𝑆𝐸 = (𝑘𝑓𝑒𝑞
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𝑘1 =
𝑘
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the instantaneous magnetic flux density 𝐵(𝑡) in the GSE with its peak-to-peak value Δ𝐵. 

Therefore, the method’s formulas can be written as: 

The equation (49) can also be written as: 

where: 𝑘, 𝛼, 𝛽 are the original Steinmetz parameters, 𝐵𝑚, 𝐵𝑚+1 are the consecutive 

amplitudes of the magnetic flux density in each minor loop, 𝑡𝑚, 𝑡𝑚+1 are the consecutive 

time intervals of each minor loop. The iGSE core loss calculation method is considered 

to be more accurate than the OSE, MSE, or GSE, however it still gives some errors when 

the duty-cycle 𝐷 takes very low or very high values [46], [98-101], [106], [111], [115], [116].  

The natural Steinmetz extension (NSE) has been developed independently of the 

iGSE; however, it is assumed to be identical to it. The main formulas of the NSE are given 

by: 

where: Δ𝐵 is the peak-to-peak value of magnetic flux density, 𝑘, 𝛼, 𝛽 are the original 

Steinmetz coefficients [46], [98-99], [107]. 

The equivalent elliptical loop (EEL) method assumes that the magnetic field 

intensity 𝐻 can be decomposed into a reversible component 𝐻𝑟𝑒𝑣 and the irreversible 

component 𝐻𝑖𝑟𝑟, and thus the hysteresis loss can be expressed as: 

The reversible component is directly obtained from the B-H curve without the hysteresis 

loop. It is assumed that the 𝐻𝑟𝑒𝑣 is related to the reactive power in the material and the 

𝑃𝑖𝐺𝑆𝐸 =
1

𝑇
∫ 𝑘𝑖 |

𝑑𝐵

𝑑𝑡
|
𝛼

(Δ𝐵)𝛽−𝛼𝑑𝑡
𝑇

0

 (49) 

𝑃𝑖𝐺𝑆𝐸 =
(𝑘𝑖Δ𝐵)

𝛽−𝛼

𝑇
∑∫ |

𝑑𝐵

𝑑𝑡
|
𝛼

𝑑𝑡 =
(𝑘𝑖Δ𝐵)

𝛽−𝛼

𝑇
∑|

𝐵𝑚+1 − 𝐵𝑚
𝑡𝑚+1 − 𝑡𝑚

|
𝛼

(𝑡𝑚+1 − 𝑡𝑚)

𝑚

𝑡𝑚+1

𝑡𝑚𝑚

 (50) 

𝑘𝑖 =
𝑘

(2𝜋)𝛼−1 ∫ |𝑐𝑜𝑠𝜃|𝛼2𝛽−𝛼𝑑𝜃
2𝜋

0

 (51) 

𝑃𝑁𝑆𝐸 = (
Δ𝐵

2
)
𝛽−𝛼 𝑘𝑁

𝑇
∫ |

𝑑𝐵

𝑑𝑡
|
𝛼

𝑑𝑡
𝑇

0

 (52) 

𝑘𝑁 =
𝑘

(2𝜋)𝛼−1 ∫ |𝑐𝑜𝑠𝜃|𝛼𝑑𝜃
2𝜋

0

 (53) 

𝑃ℎ =
1

𝑇
∫ (𝐻𝑟𝑒𝑣 +𝐻𝑖𝑟𝑟)
𝑇

0

𝑑𝐵

𝑑𝑡
𝑑𝑡 =

1

𝑇
∫ 𝐻𝑖𝑟𝑟

𝑇

0

𝑑𝐵

𝑑𝑡
𝑑𝑡 (54) 



2 .  M a g n e t i c  C o m p o n e n t s  u s e d  i n  S M P S  C o n v e r t e r s  P a g e  | 40 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

𝐻𝑖𝑟𝑟 is related to the instantaneous hysteresis loss, and thus the instantaneous hysteresis 

power loss is given by: 

and thus, the main goal in calculating the power loss is to obtain the 𝐻𝑖𝑟𝑟. It is done by 

the introduction of the equivalent elliptical loop (EEL) where 𝐻𝑖𝑟𝑟 is computed by tracing 

the equivalent elliptical loop of the same area as the hysteresis loop. The loop is described 

by: 

The 𝐵𝑚 is obtained from the historical record of the magnetic flux density, while the 𝐻𝑚 

is obtained under the assumption that the core loss calculated in the time domain is the 

same as in the frequency domain for sinusoidal excitation. The 𝐵𝑚 can only be obtained 

from the stored elliptical loop if all ellipses inside the current ellipse are removed. In the 

case of a smaller ellipse created by the minor loop, the current ellipse is moved to the list 

of recorded ellipses, and the new ellipse becomes the current ellipse. The total core loss 

is then given by: 

where 𝑘, 𝛼, 𝛽 are the Steinmetz parameters. The EEL does not introduce any additional 

parameters; however, it suffers from low accuracy at very low and very high duty ratios 

[46], [111], [121]. 

The double natural Steinmetz extension (DNSE) splits the losses into two parts: the 

first part is the low-frequency hysteresis loss, and the second part is the high-frequency 

loss, based on the NSE method. The power split is introduced to mitigate unrealistic 

values of 𝛼 parameters for ferrites in the OSE method at high frequencies. The authors 

assume that at low frequencies, around 20 kHz, the loss corresponds to the “pure” 

hysteresis, while at high frequencies, around 100 kHz to 500 kHz, the loss is mainly due 
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to peak-to-peak induction. Moreover, the method assumes the loss dependency on the 

shape of the waveform. The method of solution is as follows: 

where 𝛼, 𝛽1, 𝛽2 are the Steinmetz parameters, the 𝑘𝑁 is given by equation (53) and the 𝛾 

is the fitting parameter. The accuracy of the DNSE is not fully verified; however, the 

authors claim that the method deviation compared to the measured data is not higher 

than 5% [46], [108]. 

The waveform coefficient Steinmetz equation (WcSE) introduces the concept of the 

flux waveform coefficient (FWC) to compare the average magnetic flux density under 

non-sinusoidal excitation to the average of the magnetic flux density under sinusoidal 

excitation, if the peak magnetic flux density stays the same in both cases. Then, to find 

the power loss under non-sinusoidal excitation, the OSE is multiplied by this coefficient, 

as follows: 

This approach has the highest accuracy with a duty ratio of 𝐷 = 0.5 and worsens if the 

duty ratio drifts away from this value. In general, the WcSE does not have any physical 

meaning [46], [98-99], [109].  

The Villar core loss model transfers the OSE, MSE, iGSE, EEL, and the WcSE 

models to the rectangular waveform case with an introduced zero voltage period 𝑇0, a 

typical output characteristic in most power electronic converters [98], [110-111]. Based 

on these conditions, the peak magnetic flux density and the zero-voltage period can be 

expressed as: 

where 𝑁 is the number of turns, 𝐴 is the area of the core, 𝜔 is the zero-voltage period in 

radians. 

The piece-wise linear model (PWL) can be easily used regarding the rectangular 

waveform case to define the magnetic flux density, which is as follows: 

𝑃𝐷𝑁𝑆𝐸 = 𝑃ℎ + 𝑃𝑁𝑆𝐸 = 𝛾𝑓𝐵𝑚
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where: the duty ratio is 𝐷 = 1 −
𝜔

𝜋
. 

The PWL expression of the core loss models is given by: 

where: 

There is no accuracy verification of this method in the external literature; however, the 

authors claim that the Villar-based WcSE error is not greater than 30%, the EEL error is 

in the range of 16%-18% and the MSE and iGSE errors are in the range of 10%-12% 

compared to the measured core power loss.  

The expanded generalized Steinmetz equation (EGSE) method was developed to 

address some issues with the GSE model, specifically the frequency dependence of core 

losses that are not included in the GSE model. It was done by introducing an additional 

parameter related to the magnetic field frequency dependence as follows: 
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Figure 19: CWH Method - Decomposition of Rectangular Excitation Waveform into Two 

Pulses; (a) Square Excitation Waveform and Trapezoidal Induction Waveform; (b) 

Decomposition into First Pulse; (c) Decomposition into Second Pulse.  

where: 𝑘2, 𝜖, 𝜁, 𝜂 are the fitted parameters and the 𝑃𝑚 is the measured average core loss 

at each point of the loss chart. 

The EGSE has been proven for the low-frequency sinusoidal excitations only [99], [112]. 

The authors of the method claim that its error in core loss prediction is not greater than 
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Figure 20: Rectangular Excitation and Trapezoidal Induction Waveforms with 

Relaxation Period Included.  

8.7%; however, the method's accuracy has not been proven in any other scientific 

literature.  

The composite waveform hypothesis (CWH) assumes that when a voltage square 

waveform is applied in a power electronics application, the flux in the core will ramp up 

or down, depending on whether a positive or negative voltage pulse is applied. The 

hypothesis has been made that the power loss occurring during each transition depends 

only on the amplitude and duration of the pulse, and there is no loss during the periods 

when the voltage is zero, which corresponds to the constant flux situation. Based on this 

hypothesis, it is possible to decompose each of the rectangular waveforms into a set of 

two pulses and calculate the power loss associated with each pulse as shown in Figure 

19. Then the total power loss per cycle is the sum of the power loss of each cycle. This 

can be expressed based on the Herbert plot as: 

where the 𝑃𝑠𝑞𝑟 is the power loss of a rectangular waveform of given parameters, 𝑉1/𝑁 

and 𝑉2/𝑁 are the applied voltages per turn in time 𝑡1 and 𝑡2, respectively. The accuracy 

of the method is not clearly reported by the method authors and by the independent 

literature [98], [122]. 

The improved generalized Steinmetz equation (i2GSE), as shown in Figure 20, takes 

into account the core relaxation process during the zero-voltage transition periods when 

a rectangular excitation waveform is applied. Some of the core loss calculation methods 
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overlook this phenomenon, which may lead to significant errors in core loss prediction. 

The relaxation phenomenon itself is related to the change of the core material thermal 

equilibrium due to the rapidly changing magnetization in the high-frequency or pulsed 

field applications. The new equilibrium is reached by rearranging the structure of the 

magnetic domains to achieve the state of the lowest energy. It influences the speed of 

flux change and thus the shape of the B-H loop, which becomes dependent on the rate 

of change of the magnetic field. The magnetic relaxation causes a change in 

magnetization, even if the applied field is constant, and residual energy loss still occurs. 

The i2GSE method is an improvement of the iGSE method [106] that adds a 

component related to the relaxation process of the core loss during transient zero-voltage 

states. The model is written as: 

where: 𝑃𝑟𝑙 is the time-average power loss density due to the lth of n transients to zero 

voltage and can be expressed as: 

and the 𝑄𝑟𝑙 is the voltage change, which is: 

where: 𝛼, 𝛽, 𝑘𝑖, 𝛼𝑟, 𝛽𝑟, 𝑘𝑟, 𝜏 , 𝑞𝑟 are the material parameters, 𝑑𝐵(𝑡−)/𝑑𝑡  is the magnetic flux 

density change before the switching, 𝑑𝐵(𝑡+)/𝑑𝑡 is the magnetic flux density change after 

switching, 𝑡1 is the zero voltage constant flux time, 𝜏 is the relaxation time.  

The i2GSE method is considered more accurate than the iGSE method, especially when 

trapezoidal and triangular induction waveforms are considered. However, its drawback 

is a complicated measurement and calculation process to obtain the material parameters, 

which makes the method highly impractical in industry-related projects [46], [98-99], 

[114]. 

The rectangular extension of the Steinmetz equation (RESE) method is specifically 

designed for rectangular AC voltages. It is based on the ideal inductor model connected 

in parallel with the equivalent core loss resistor. The method itself is similar to the WcSE 

method, introducing the proportionality coefficient between the square and the 
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sinusoidal waveform core losses. In the WcSE, this coefficient is related to the average 

value of the magnetic flux density waveform, whereas in the RESE, it is directly related 

to the measured core loss. To determine the proportionality coefficient, the triangular 

and sinusoidal magnetic flux densities with the same peak-to-peak values were 

compared, and the resulting ratio was referred to the equivalent resistor loss at the same 

excitation signals. The method itself is expressed by the following equation: 

where: 𝐷 is the duty ratio, 𝑘, 𝛼, 𝛽 are the Steinmetz coefficients, 𝛾 is a material-related 

fitting coefficient. 

The drawback of this method is that it requires obtaining a lookup table of the 𝛾 

coefficients directly from the power loss measurement. Nevertheless, the method is 

considered to be more accurate than the MSE, GSE, and iGSE methods for rectangular 

excitation waveforms [46], [99], [115]. 

The improved Steinmetz equation (ISE) combines the CWH and the WcSE method. 

The CWH assumes that the total core loss can be considered as a sum of two rectangular 

pulses, as shown in Figure 19. The total area of the original magnetic flux density during 

the period 𝑇 is split into two parts, the area 𝐴1 during the 𝐷𝑇 period and the area 𝐴2 

during the (1 − 𝐷)𝑇 period as shown in Figure 19a. The area 𝐴1 becomes a half-period 

area of a new signal 𝐵1(𝑡) and the area 𝐴2 becomes a half-period of a new signal 𝐵2(𝑡). 

These two new signals have frequencies 𝑓1 =
1

𝑇1
=

𝑓

2𝐷
, 𝑓2 =

1

𝑇2
=

𝑓

2(1−𝐷)
 and the same duty 

cycle of 0.5, respectively. The core loss, according to the CWH, is as follows: 

where the 𝑃𝐼𝑆𝐸(𝐶𝑊𝐻)1 and 𝑃𝐼𝑆𝐸(𝐶𝑊𝐻)2 are the time-average power losses of signals 𝐵1(𝑡) 

and 𝐵2(𝑡). 

The CWH approach is then combined with the WcSE method, which is claimed to have 

a high accuracy under square wave excitation with a duty cycle of 𝐷 = 0.5. Then the final 

equation is: 

 

𝑃𝑅𝐸𝑆𝐸 =
8

𝜋2[4𝐷(1 − 𝐷)]𝛾+1
𝑘𝑓𝛼𝐵𝑚

𝛽
 (81) 

𝑃𝐼𝑆𝐸(𝐶𝑊𝐻) =
1
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(∫ 𝑃𝐼𝑆𝐸(𝐶𝑊𝐻)(𝑡)𝑑𝑡 + ∫ 𝑃𝐼𝑆𝐸(𝐶𝑊𝐻)(𝑡)𝑑𝑡) = 𝐷𝑃𝐼𝑆𝐸(𝐶𝑊𝐻)1 + (1 − 𝐷)𝑃𝐼𝑆𝐸(𝐶𝑊𝐻)2 

𝑇

𝐷𝑇

𝐷𝑇

0

 (82) 
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4
𝑘1 (
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2𝐷
)
𝛼1
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𝛽1 + (1 − 𝐷)

𝜋

4
𝑘2 (

𝑓

2(1 − 𝐷)
)
𝛼2

𝐵𝑚
𝛽2 (83) 
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Figure 21: FGSE Method, Magnetic Flux Density (in Red), Derivative of Magnetic Flux 

Density (in Blue), Filtered Derivative of Magnetic Flux Density (in Green), Relaxation 

Power Loss During Constant Magnetic Flux Density.  

where: 𝑘1, 𝛼1, 𝛽1, 𝑘2, 𝛼2, 𝛽2 are the Steinmetz parameters to be fitted at the corresponding 

frequencies of 𝑓1 =
𝑓

2𝐷
 and 𝑓2 =

𝑓

2(1−𝐷)
, respectively. 

The method incorporates the duty cycle and frequency dependence of the Steinmetz 

parameters, which can be considered an advantage. The method's accuracy is claimed to 

be better than the iGSE; however, its accuracy is not clearly verified against other 

methods [46], [98-99], [109], [116], [122]. 

The filtered, improved generalized Steinmetz equation (FGSE) accounts for power loss 

during the relaxation period. It splits the core losses into the eddy current loss expressed 

as: 

while the rest of the losses are expressed by the iGSE method. 

The energy loss during the relaxation period in the constant 𝐵 interval can be expressed 

as the exponential decay, which is: 

where: Δ𝐸 is the maximum energy loss and Δ𝑡𝛾 is the duration of an interval with 𝐵 held 

constant, and 𝜏𝑟 is the relaxation time. The energy loss increases up to a certain point as 

the Δ𝑡𝛾 increases until the system reaches an equilibrium in its lowest energy state for a 

𝑃𝑒𝑑𝑑𝑦 = 𝑘𝑒𝑑𝑑𝑦
1

𝑇
∫ (

𝑑𝐵

𝑑𝑡
)
2

𝑑𝑡
𝑇

0

 (84) 

𝐸𝑐𝑜𝑛𝑠𝑡 = Δ𝐸 (1 − 𝑒
−
Δ𝑡𝛾
𝜏𝑟 ) (85) 
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given field perturbation, which can be modeled as an exponential decay. As shown in 

Figure 21, the 𝑑𝐵/𝑑𝑡 is filtered by the first-order transfer function with a time constant 

𝜏𝑓 which corresponds to the 𝑑𝐵𝑓/𝑑𝑡 waveform and is proportional to the relaxation 

power loss. This phenomenon is included in the overall model, which is expressed as: 

where 𝑘𝑒 , 𝑘𝑖, 𝛼, 𝛽, 𝑘𝑓 , 𝛼𝑓 , 𝛽𝑓 are coefficients to be fitted. 

During the Δ𝑡𝛾 the relaxation loss is proportional to the rate of change of filtered 

magnetic flux density 𝐵𝑓 multiplied by the filtered flux density variation. The method is 

suitable for trapezoidal and triangular induction, and the authors of the method claim 

that the FGSE is more accurate than the MSE or iGSE method due to the inclusion of 

relaxation phenomena. The method, however, is not clearly compared against any other 

methods in the literature [46], [117]. 

The Stenglein Steinmetz loss equation (SSLE) method introduces the calculation of 

specific power loss per volume 𝑃𝑣,𝑠𝑝𝑒𝑐 by means of the effective frequency 𝑓𝑒𝑓𝑓 and the 

quasi-static energy loss density 𝐸𝑣,ℎ𝑦𝑠𝑡. The quasi-static energy loss comprises the 

influence of low-frequency magnetic field density swing Δ𝐵, the DC bias 𝐵𝑑𝑐 and the 

effective frequency represents the dynamic effects at high frequencies.  

This relationship is given by: 

It is assumed that the dynamic effect can be modelled by the second derivative of 𝐵(𝑡), 

yielding the effective frequency for non-sinusoidal excitation as: 

while for sinusoidal excitation it is:  

This approach allows for calculating core power loss for arbitrary shapes of 𝐵(𝑡) 

by calculating frequency-independent 𝑐 and 𝛾 coefficients, which can be extracted 

directly from the manufacturer’s characteristics. 

The general principle of how to do it is to compare the specific energy loss at sinusoidal 

excitation with the specific energy loss caused by the non-sinusoidal excitation with the  

𝑃𝐹𝐺𝑆𝐸 =
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∫ (𝑘𝑖 |

𝑑𝐵
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𝑑𝑡
|
𝛼𝑓

(Δ𝐵𝑓)
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𝑑𝑡
)
2

)𝑑𝑡
𝑇

0
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𝑃𝑣,𝑠𝑝𝑒𝑐 = 𝐸𝑣,ℎ𝑦𝑠𝑡(Δ𝐵, 𝐵𝑑𝑐)𝑓𝑒𝑓𝑓 (87) 

𝑓𝑒𝑓𝑓𝑛𝑜𝑛𝑠𝑖𝑛 = 𝑓 (1 + 𝑐 (
1

Δ𝐵
∫ |

𝑑2𝐵(𝑡)

𝑑𝑡2
| 𝑑𝑡

𝑇
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𝛾

) (88) 

𝑓𝑒𝑓𝑓𝑠𝑖𝑛 = 𝑓(1 + 𝑐(4𝜋𝑓𝑒𝑞)
𝛾
) (89) 
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Table 2: Chosen Properties of Empirical Core Loss Calculation Methods. 

same Δ𝐵 and 𝐵𝑑𝑐. The equivalent switching frequency 𝑓𝑒𝑞 as in equation (89) is calculated 

assuming that the sinusoidal waveform leads to the same specific energy loss density, 

yielding: 

So, the specific power loss with the help of equation (90) can be determined as: 

The method introduces an error of up to 15% between calculation and measurement; 

however, it is claimed to be more accurate than the iGSE method [123-124]. 

The improved generalized composite calculation (iGCC) method extends the core loss 

calculation to arbitrary waveforms based on the CWH and the Steinmetz approach.  

The extension of the iGCC calculations to the arbitrary waveform is based on the 

introduction of the time-varying local equivalent frequency, which quantifies the 

instantaneous rate of change of the magnetic flux density and is expressed as: 

Loss Model 

Additional 

Steinmetz 

Parameters 

DC Bias 
Relaxation 

Effect 

Magnetic Flux Density 

Excitation Waveform 
Accuracy 

OSE No No No Sinusoidal  N/A 

MSE No No No Any Shape  Better than OSE 

GSE No Yes No Any Shape  Better than MSE 

iGSE No No No Any Shape  Better than GSE 

NSE No No No Any Shape  Better than GSE 

EEL No No No Any Shape  Better than MSE 

DNSE Yes No No Any Shape  Not Clearly Identified 

WcSE No No No Any Shape  Not Clearly Identified 

Villar No No No Any Shape  Not Clearly Identified 

EGSE Yes No No Sinusoidal  Not Clearly Identified 

CWH No No No Trapezoidal and Triangular  Not Clearly Identified 

i2GSE Yes No Yes Trapezoidal and Triangular  Better than iGSE 

RESE Yes No No Triangular  Better than MSE, GSE and iGSE 

ISE No No Yes Trapezoidal and Triangular  Better than iGSE 

FGSE Yes No Yes Trapezoidal and Triangular  Better than MSE and iGSE 

SSLE Yes Yes No Any Shape  Not Clearly Identified 

iGCC Yes No No Any Shape  Better than ISE and SSLE 

𝑓𝑒𝑞 =
1

4𝜋Δ𝐵
∫ |

𝑑2𝐵(𝑡)

𝑑𝑡2
| 𝑑𝑡

𝑇

0

 (90) 

𝑃𝑣,𝑠𝑝𝑒𝑐 = 𝑘𝑓
𝛼−1 (

Δ𝐵

2
)
𝛽

 (91) 

𝑓(𝑡)̃ =
1
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|
𝑑𝐵
𝑑𝑡 |

Δ𝐵
 (92) 
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Having the time varying frequency, the arbitrary waveform can be decomposed into 

many symmetric triangular waveforms, and the iGCC power loss can be calculated using 

the CWH method as follows: 

The equation (93) can also be written as a summation for piecewise-linear functions as 

follows: 

If a loss map or an interpolant is available for 𝑃𝑠𝑦𝑚(𝑓, Δ𝐵) the iGCC can be directly 

computed, or alternatively, the losses can be calculated using the frequency-dependent 

Steinmetz equation for triangular waveforms, which is: 

and the total power losses are: 

The method itself combines the features of the ISE method, which provides accuracy at 

extreme duty cycles, with the applicability over a wide frequency range, and the iGSE to 

handle arbitrary waveforms. It is claimed that the method introduces a maximum error 

of 13% compared to the measured data and outperforms the iGSE and the SSLE methods 

in core loss prediction [124].  

The chosen properties of empirical core loss calculation methods are shown in Table 2. 

The next approach to the core loss calculation methods is the core loss separation 

group [126-139]. 

The general idea of core loss separation methods was first introduced for iron-

based materials by Jordan a century ago [126]. The main concept of it is to split the 

classical hysteresis loss introduced by Steinmetz [102] into two parts: the static hysteresis 

loss and the dynamic eddy current loss. The hysteresis loss in this case is caused by the 

friction forces involved in changing the domain walls' alignment and rotation during the  

𝑃 =
1

𝑇
∫ 𝑃𝑠𝑦𝑚(𝑓(𝑡)̃, Δ𝐵)𝑑𝑡
𝑇

0

 (93) 

𝑃 = 𝑓∑𝑃𝑠𝑦𝑚 (
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Δ𝐵𝑖
Δ𝑖
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Δ𝐵
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𝑛

𝑖=1

 (94) 

𝑃𝑠𝑦𝑚(𝑓, Δ𝐵) = 𝜆(𝑓)Δ𝐵
𝛽(𝑓) (95) 

𝑃 =
1

𝑇
∫ 𝜆 (𝑓(𝑡)) ΔB𝛽(𝑓̃(𝑡))𝑑𝑡
𝑇

0

 (96) 
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Figure 22: Cylindrical Magnetic Core Cross-Section. 

magnetization process [4]. This loss is dissipated as heat and can be expressed for 

sinusoidal excitation with a parallelogram-based B-H loop as: 

Moreover, in ferrites, the time-varying magnetic flux induces a voltage that generates 

the eddy currents. These currents flow in the core, causing conduction loss due to the 

core resistance. Considering a cylindrical core as shown in Figure 22 and using Faraday’s 

law, one can get [4]:  

The electric field density induced in the cylindrical shell of radius r is given by: 

where the shell resistance is: 

The instantaneous eddy-current power loss in a shell is: 

𝑃ℎ = 𝑓∮𝐻 ⋅ 𝑑𝐵 = 4𝑓𝐻𝑚𝐵𝑚𝑠𝑖𝑛𝛼 =
4𝑓𝐵𝑚

2

𝜇𝑟𝜇0
𝑠𝑖𝑛𝛼 = 𝑘ℎ𝑓𝐵𝑚

2  (97) 
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𝐸(𝑟, 𝑡) =
𝑑𝜙(𝑡)

𝑑𝑡
=
𝜋𝑟2𝑣𝐿(𝑡)

𝐴𝑐𝑁
 (99) 
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and in the entire core: 

The time-average eddy current power loss density for sinusoidal excitation is: 

where: 𝑉𝑐 is the volume of the core, 𝐴𝑐 is the cross-sectional area of the core, 𝑁 is the 

number of winding turns, 𝑙𝑐 is the magnetic length of the core, 𝜌𝑐 is the resistivity of the 

core. 

Therefore, the entire core power loss density predicted by Jordan for sinusoidal 

excitation is as follows: 

The Pry and Bean in [127] recognized that equation (104) is insufficient to 

accurately describe the power loss in magnetic materials with magnetic domains in their 

structure. There exists an excess eddy-current loss not described by the classical model 

because it also depends on the square of the domain walls' velocity. In the magnetic 

material, the eddy currents are localized at the moving domain walls, where the eddy 

current density can reach very large values. The domains, which grow in size during the 

magnetization process, have more widely spaced walls; thus, each wall must move faster 

to produce a given flux change at a given frequency. Consequently, the total loss 

increases as the number of domain walls decreases [52]. The drawback of this method is 

its complexity [52]. 

The Pry and Bean approach was systematized by Bertotti [69], [128], who 

introduced the concept of magnetic objects (MO), which describes the large-scale 

behavior of magnetic domains. The magnetic object corresponds to a group of 

neighboring interacting domain walls, simplifying the eddy current loss problem to a 

function of current, frequency, and the material microstructure. As shown in [136], the 

excess eddy-current loss can be expressed as: 

𝑑𝑝𝑒(𝑟, 𝑡) =
𝐸2(𝑟, 𝑡)

𝑅𝑠ℎ
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while the average excess eddy current loss for sinusoidal excitation is given by: 

where: 𝛼 is a numerical constant, 𝑛0 is the statistical distribution of the local coercive 

fields, 𝐴 is the core cross-section area, 𝜌 is the core resistivity. 

The Bertotti core loss approach can be written as: 

The better curve fitting approach can be obtained if the magnetic flux density of the 

hysteresis loss is raised to the power of 𝛼 to be fitted rather than to the power of 2, as 

follows: 

Moreover, some scientists disregard the idea of dividing the core loss into hysteresis loss, 

eddy current loss, and excess loss as being unphysical [52]. The excess loss appears only 

because the classical eddy-current approach ignores the existence of domains and 

domain wall motions as the origin of the eddy currents. The magnetization process 

under DC conditions involves hysteresis loss, which consists of domain wall motion at 

low fields and domain wall rotation at high fields, being a source of eddy currents and 

the origin of power loss under DC conditions. Therefore, in all states, the power loss is 

primarily caused by eddy currents; thus, the power loss separation model is based on 

false assumptions. Despite objections to the core loss separation model, it is widely 

accepted among scientists and engineers. The accuracy of the Bertotti method was 

claimed to be within 10%. However, the test-bench measurement was only performed 

up to 400 Hz. 

Jacobs et al. introduced the rotational and saturation losses to the Bertotti model 

[33], [129], [133]. Rotational loss occurs in rotating electrical machines and transformers, 

where the magnetic material can be magnetized by a magnetic field rotating in space. 

The rotational loss depends on the circular and elliptical magnetization, as well as the 

direction of rotation, and can be significantly higher than the axial loss.  

𝑝𝑒𝑥𝑐 = √
𝐴𝛼𝑛0
𝜌

(
𝑑𝐵(𝑡)

𝑑𝑡
)

3/2

 (105) 

𝑃𝑒𝑥𝑐 = 1.75√
2𝜋𝐴𝛼𝑛0

𝜌
(𝑓𝐵)3/2 (106) 

𝑃𝑐 = 𝑃ℎ + 𝑃𝑒𝑐 + 𝑃𝑒𝑥𝑐 = 𝑘ℎ𝑓𝐵𝑚
2 + 𝑘𝑒𝑐(𝑓𝐵𝑚)

2 + 𝑘𝑒𝑥𝑐(𝑓𝐵)
3/2 (107) 

𝑃𝑐 = 𝑃ℎ + 𝑃𝑒𝑐 + 𝑃𝑒𝑥𝑐 = 𝑘ℎ𝑓𝐵𝑚
𝛼 + 𝑘𝑒𝑐(𝑓𝐵𝑚)

2 + 𝑘𝑒𝑥𝑐(𝑓𝐵)
3/2 (108) 
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Except for the rotational losses, Jacobs et al. introduced a higher-order term into the 

model to account for losses at large fields, which for iron laminations are due to 

saturation. The equation, which describes the entire power loss, is given by: 

where the particular components can be expressed as: 

Some modifications to the Jacobs approach have been done by Steentjes [130] so that 

equation (112) can be written to account for the flux distortion and the rotational loss in 

a more proper way: 

where: 𝑟ℎ and 𝑟𝑒𝑥𝑐 are the rotational loss factors, 
𝐵𝑚𝑖𝑛

𝐵𝑚𝑎𝑥
 is the flux distortion factor, 𝐵𝑛 =

√𝐵𝑛,𝑥
2 + 𝐵𝑛,𝑦

2  and 𝐵𝑛,𝑥 , 𝐵𝑛,𝑦 are the amplitudes of the nth harmonic in 𝑥 and 𝑦 direction 

of the rotational field.  

The authors in [130] claim that the method’s error in the power loss prediction does not 

exceed 4% compared to the measurement. The disadvantage of this method is that the 

measurements have been conducted for low frequencies of up to 400 Hz and only for 

rotating electrical machines. 

Recently, Baumann et al. introduced a new core power loss separation model 

designed explicitly for magnetic cores with large volume and cross-section. The model 

enables the calculation of two additional loss mechanisms: electrical polarization losses 

and volume eddy current losses. The proposed model is expressed by the following 

equation: 

𝑃𝑐 = 𝑃ℎ + 𝑃𝑒𝑐 + 𝑃𝑒𝑥𝑐 + 𝑃𝑠𝑎𝑡 = 𝑘ℎ𝑓𝐵𝑚
𝛼 + 𝑘𝑒𝑐(𝑓𝐵𝑚)

2 + 𝑘𝑒𝑥𝑐(𝑓𝐵)
3/2 + 𝑘𝑠𝑎𝑡𝐵

𝜉+2𝑓2 (109) 

𝑃ℎ = 𝑘ℎ (1 +
𝐵𝑚𝑖𝑛
𝐵𝑚𝑎𝑥

(𝑟ℎ − 1))𝐵𝑚𝑎𝑥
2 𝑓 (110) 

𝑃𝑒𝑐 = 𝑘𝑒𝑐∑|𝐵𝑛⃗⃗ ⃗⃗  |
2
(𝑛𝑓)2

∞

𝑛=1

 (111) 

𝑃𝑒𝑥𝑐 = 𝑘𝑒𝑥𝑐∑|𝐵𝑛⃗⃗ ⃗⃗  |
1.5
(𝑛𝑓)1.5

∞

𝑛=1

 (112) 

𝑃𝑠𝑎𝑡 = 𝑘𝑠𝑎𝑡𝐵
𝜉+2𝑓2 (113) 

𝑃𝑒𝑥𝑐 = 𝑘𝑒𝑥𝑐 (1 +
𝐵𝑚𝑖𝑛
𝐵𝑚𝑎𝑥

(𝑟𝑒𝑥𝑐 − 1))∑|𝐵𝑛⃗⃗ ⃗⃗  |
1.5
(𝑛𝑓)1.5

∞

𝑛=1

 (114) 
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Figure 23: Core Cross-Section with Integration Loops. 

where: 𝑃ℎ is the hysteresis loss due to the change of the magnetic moments in time, 

𝑃𝑒𝑑𝑑𝑦,𝑔𝑟𝑎𝑖𝑛 are the eddy-current losses due to non-zero conductivity on the grain-level 

size, 𝑃𝑟𝑒𝑠 are the residual losses are due to the phase shift between the external magnetic 

field and the oscillating magnetic moments at high frequencies, 𝑃𝑑𝑖𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 is the dielectric 

volume loss. 

The principle of the method is described with the help of Figure 23 [131]. If sinusoidal 

magnetic flux density flows across the magnetic cross-section, a voltage is induced, 

which is: 

The resistance of the concentric loops, as depicted in Figure 23, is: 

and the power due to the movement of electrons is: 

and thus, the specific loss per unit volume is given by: 

𝑃𝐵𝑎𝑢𝑚𝑎𝑛𝑛 = 𝑃ℎ + 𝑃𝑒𝑑𝑑𝑦,𝑔𝑟𝑎𝑖𝑛 + 𝑃𝑟𝑒𝑠 + 𝑃𝑑𝑖𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 (115) 

𝑉𝑒𝑓𝑓 =
𝜔𝐵𝑚𝑎𝑥2𝑥(𝑙 − 𝑑 + 2𝑥)

√2
 (116) 

𝑅 =
2𝜌𝑙

𝑑𝐴𝑅(𝑥)
= 2𝜌

(𝑙 − 𝑑) + 4𝑥

𝑏𝑑𝑥
  (117) 

𝑑𝑃 =
𝑉𝑒𝑓𝑓
2

𝑅
=
4𝜋2𝑓2𝐵𝑚𝑎𝑥

2 𝑏(𝑙 − 𝑑 + 2𝑥)2𝑥2

𝜌(𝑙 − 𝑑 + 4𝑥)
𝑑𝑥  (118) 

𝑃𝑣 =
𝜋2𝑓2𝐵𝑚

2

16𝜌
⋅
64

𝑙𝑑
∫

2𝑙𝑥2 − 2𝑑𝑥2 + 4𝑥3

𝑙 − 𝑑 + 4𝑥
𝑑𝑥 =

𝜋2𝑓2𝐵𝑚
2

16𝜌
[
(𝑙 − 𝑑)4

4𝑙𝑑
ln
𝑙 + 𝑑

𝑙 − 𝑑
−
(2𝑙 − 2𝑑)2

4
]

𝑑
2

0
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which can be written as: 

where:  

is the geometric factor. 

The conductivity and the dielectric polarization losses can be combined into the effective 

dielectric loss 𝜖𝑟
" , which is expressed as: 

The effective dielectric loss can be treated as high-frequency conductivity, which is: 

So, the dielectric loss is given by: 

This loss can be split into two parts, the 𝑃𝑒𝑑𝑑𝑦,𝑣𝑜𝑙𝑢𝑚𝑒 and 𝑃𝑑𝑖𝑝𝑜𝑙, which are expressed as 

follows: 

The authors claim that the method has a maximum error of 15% in core loss prediction 

between calculations and measurements. 

Most of the remaining core loss separation models usually modify the coefficients at each 

separated loss using the methods presented herein. Therefore, it is difficult to name them 

or distinguish them as being unique; thus, they are not described here in more detail. 

The last group of the core loss calculation methods is the time-domain 

approximation (TDA) group. This method uses the fast Fourier transform (FFT) to 

calculate the product of the magnetic flux density, magnetic flux intensity, and the phase 

shift of them at each harmonic, as shown in the following equation: 

𝑃𝑣 =
𝜋2𝑓2𝐵𝑚

2 𝐴𝑒𝐹𝐺
16𝜌

  (120) 

𝐹𝐺 =
(𝑙 − 𝑑)4

4(𝑙𝑑)2
ln
𝑙 + 𝑑

𝑙 − 𝑑
−
𝑙2 − 4𝑑𝑙 + 𝑑2

2𝑙𝑑
  (121) 

𝜖𝑟
′′ = 𝜖𝑑𝑖𝑝𝑜𝑙

′′ +
𝜎

𝜖0𝜔
  (122) 

𝜎ℎ𝑓 = 𝜖0𝜔𝜖𝑑𝑖𝑝𝑜𝑙
′′ + 𝜎  (123) 

𝑃𝑑𝑖𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 =
𝜋2𝑓2𝐵𝑚

2 𝐴𝑒𝐹𝐺(𝜖0𝜔𝜖𝑑𝑖𝑝𝑜𝑙
′′ + 𝜎)

16
=
𝜖0𝜋

3

8
(𝜖𝑑𝑖𝑝𝑜𝑙

′′ +
𝜎

2𝜋𝑓𝜖0
) 𝑓3𝐵𝑚

2 𝐴𝑒𝐹𝐺 (124) 

𝑃𝑒𝑑𝑑𝑦,𝑣𝑜𝑙𝑢𝑚𝑒 =
𝜖0𝜋

3

8

𝜎

2𝜋𝑓𝜖0
𝑓3𝐵𝑚

2 𝐴𝑒𝐹𝐺 (125) 

𝑃𝑑𝑖𝑝𝑜𝑙 =
𝜖0𝜋

3

8
𝜖𝑑𝑖𝑝𝑜𝑙
′′ 𝑓3𝐵𝑚

2 𝐴𝑒𝐹𝐺 (126) 
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Figure 24: Fringing Flux; (a) Around the Air Gap; (b) Inside an Inductor with Gapped 

Core.  

This method can be applied to sinusoidal and non-sinusoidal induction 

waveforms; however, it is only suitable for linear systems, which is its primary limitation 

[98], [100], [118], [140-142]. This issue is clearly discussed in [118], where the primary 

reason is the high nonlinearity of the magnetic flux density, which typically rises to a 

power greater than 2, introducing significant errors in the harmonic magnitude 

prediction, especially with square excitation waveforms. 

2.4.3 Loss in Gapped Inductors. 

The air gap in inductors and transformers is introduced to avoid core saturation, 

while allowing for higher current levels at the expense of reduced inductance. Moreover, 

it increases thermal stability and makes permeability and inductance more predictable 

and effective.  

However, the air gap also introduces the fringing field, as shown in Figure 24. 

The fringing field is created at the moment of passing from the magnetic core to a non-

magnetic medium, which is, e.g., air. At this moment, the magnetic lines repel each other 

bending outwards, and thus the cross-sectional area of the magnetic field and its effective 

length increase, while the flux density decreases. 

Moreover, the fringing flux induces eddy currents in nearby windings and the 

core, causing a local excess of the power loss, and thus the hot-spots in the vicinity of the  

𝑃𝑐𝐹𝐹𝑇 = ∑𝜋(𝑓𝑛)𝐵𝑛𝐻𝑛𝑠𝑖𝑛𝜙𝑛

∞

𝑛=1

  (127) 
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Figure 25: Kazimierczuk’s Fringing Flux Calculation Method; (a) Flux Distribution 

Around the Air Gap; (b) Cross-Sectional Area of the Core 𝐴𝐶 and the Fringing Flux 𝐴𝑓 .  

gap [1], [4], [143-146]. This phenomenon is particularly important for high-current, high-

frequency magnetic components with low core resistivity, such as ribbon laminations, 

nanocrystalline, or amorphous alloys. For ferrites with high resistivity, however, it can 

be neglected. Considering the windings, the rule of thumb is to place them at least two 

gap lengths away from the gap to avoid induction of eddy currents and prevent 

overheating [4].  

The fringing field reluctance shunts the gap reluctance, increasing the inductance. There 

are a few empirical equations to calculate the fringing factor, e.g., Partridge’s given by 

[4], [146-148]: 

where: 𝑙𝑔 it the gap length, 𝑁𝑔 is the number of air gaps, 𝑤 is the width of the core 

𝐹𝑓𝑟𝑖𝑛𝑔𝑖𝑛𝑔(𝑃𝑎𝑟𝑡𝑟𝑖𝑑𝑔𝑒) = 1 +
𝑎𝑙𝑔

𝑁𝑔√𝐴𝑐
ln (

2𝑤

𝑙𝑔
) (128) 
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window, 𝑎 is the proportionality coefficient. The alternative approach was given by 

Kazimierczuk in [4] as shown in Figure 25 and is expressed as: 

and by Hurley et al. in [62] as: 

where: 𝑎, 𝑏 are the dimensions of the rectangular core cross-section, 𝑔 is the length of the 

gap. 

The gap loss in the core was predicted in [144], [147] for steel laminated cores, 

which work at the line frequencies, which is:  

where: 𝑃𝑔(𝑐𝑜𝑟𝑒) is the gap loss, 𝑙𝑔 is the gap length, 𝑊𝑐𝑜𝑟𝑒 is the lamination width, 𝐵𝑚 is 

the peak induction, 𝑓 is the frequency, 𝐺 is the numerical constant. 

However, the accuracy of this equation has been questioned, claiming that it 

overestimates the gap loss for amorphous metal cores. It is stated that this loss seems to 

be insignificant for inductors with very thin laminations and high resistivity [1], [143], 

[149]. Other works also suggest that the fringing flux has minimal impact on the loss 

increase caused by the cut cores [1], [143], [150]  

This equation was further improved for nanocrystalline cores in [1] as: 

where: 𝑘𝑔 = 1.68 ⋅ 10
−3. 

The authors in [1] estimate that the error in the total power loss prediction of the 

nanocrystalline-based inductor does not exceed 18.1% using equation (132). However, 

the accuracy of the other methods used to predict winding loss and core loss is not 

clearly demonstrated or justified.  

The gap-fringing field also induces losses in nearby windings. This phenomenon 

has been thoroughly studied in various works [65], [151-171].  

Unfortunately, most of these works are difficult to follow due to the complicated 

mathematics involved, such as Bessel functions, cylindrical coordinates, and complex 

solutions, which require calculations of two-dimensional magnetic field intensity. 

Moreover, in most cases, the gap and fringing field loss are not treated separately but  

𝐹𝑓𝑟𝑖𝑛𝑔𝑖𝑛𝑔(𝐾𝑎𝑧𝑖𝑚𝑖𝑒𝑟𝑐𝑧𝑢𝑘) = 1 +
𝐴𝑓𝑙𝑔

𝐴𝑐𝑙𝑓
 (129) 

𝐹𝑓𝑟𝑖𝑛𝑔𝑖𝑛𝑔(𝐻𝑢𝑟𝑙𝑒𝑦) =
(𝑎 + 𝑔)(𝑏 + 𝑔)

𝑎𝑏
 (130) 

𝑃𝑔(𝑐𝑜𝑟𝑒) = 𝐺𝑙𝑔𝑊𝑐𝑜𝑟𝑒𝑓𝐵𝑚
2  

(131) 

𝑃𝑔(𝑐𝑜𝑟𝑒) = 𝑘𝑔𝑙𝑔𝑊𝑐𝑜𝑟𝑒
1.65𝑓1.72𝐵𝑚

2  
(132) 
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Figure 26: E/ER/ETD Inductor Model for Derivation of Fringing Flux Loss for Foil, Solid 

Round and Litz Wire; (a) 2-D Core Window; (b) Top View of ER/ETD Core Used for 

Length Scaling; (c) Top View of E Core Used for Length Scaling; (d) Simplified 2-D Core 

Window Assuming the Windings to be a Unified Conductor Block.  

are embedded into the overall proximity losses of the windings. This makes most of 

these solutions unattractive to design engineers for use in commercial projects. 

Recently, Ewald et al. [168-169] introduced a new method for predicting the gap 

and fringing loss in windings, which appears to be clearly explained and simple enough 

to be implemented in commercial designs.  

The method introduces a set of formulas to calculate the winding loss in gapped 

inductors for foil, solid round, and Litz wires, taking into account skin, proximity, and 

fringing losses.  

The description of the entire method, due to the excess of material and its complexity, is 

left to the reader for self-study. Only calculations of the fringing loss will be explained 

in more detail with the help of Figure 26. Moreover, this approach would also allow the 

use of other common winding loss calculation methods, such as the Dowell method, to 

predict winding loss in a classical manner and include fringing loss in the calculations 

separately.  

Considering the inductor with a foil conductor, the method for calculating the 

gap loss is based on the assumption that the magnetic energy density is stored in the 

magnetic field. 

The model, as shown in Figure 26, is divided into 𝑁 rectangular conductors and 

𝑁 + 1 non-conductive regions. The air gap is placed in the middle of the centre leg.  
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The idea to calculate the influence of the fringing field and the fringing field-related loss 

on the windings is to find flux density components of the conducting and non-

conductive regions by solving the relationship between the electric field and the 

magnetic vector potential, which can be written as follows: 

The 𝐹  is a modified vector potential, which replaces the magnetic vector potential. It can 

be obtained by solving the Laplace and diffusion equations in non-conductive (NC) and 

conductive (C) regions, which can be expressed as: 

where: 𝛾2 = 𝑗𝜔𝜎𝜇. 

The solution to the above is based on the assumption that the current, current density, 

magnetic vector potential, and the electric potential ∇𝜙 have only components in the 𝑧-

direction, and the magnetic field is perpendicular to the vector potential, having only 

components in the 𝑥𝑦-plane. Moreover, the influence of the air gaps on the magnetic 

field is modeled as surface current densities, and the core is closed by a high-

permeability material. The surface current flows in the opposite direction to the current 

in the windings. Then the magnetic field around the gap can be decomposed into the 

spatial Fourier series with only cosine functions due to the strict symmetry of the core 

window with respect to the 𝑥-axis. 

The solution to equations (134) and (135) for both non-conductive and conductive 

regions is given by: 

where: 𝜉𝑘 is the attenuation constant equal to 𝜉𝑘 = 𝛾
2 + 𝑝𝑘

2, 𝑝𝑘 = 2𝜋𝑘𝑁𝑔/ℎ𝑤, 𝑁𝑔 is the 

number of air gaps. The magnetic flux density for non-conductive and conductive 

regions is 𝐵⃗ = 𝜇𝐻⃗⃗ = ∇ × 𝐹 , and thus the spatial components in 𝑥 and 𝑦 direction, which 

represent the field due to the air gap, are given by:  

𝐽 = 𝜎𝐸⃗ = −𝑗𝜔𝜎 (𝐴 +
1

𝑗𝜔
∇𝜙) = −𝑗𝜔𝜎𝐹  (133) 

∇2𝐹 (𝑁𝐶) = 0 (134) 

∇2𝐹 (𝐶) = 𝛾2𝐹 (𝐶) (135) 

𝐹𝑧 = {
𝐶𝑚,0(𝑥 − 𝑢𝑚)

𝑀𝑛,0𝑒
−𝛾(𝑥−𝑣𝑛) + 𝑁𝑛,0𝑒

𝛾(𝑥−𝑣𝑛)
} +∑{

𝐶𝑚,𝑘𝑒
−𝑝𝑘(𝑥−𝑢𝑚 + 𝐷𝑚,𝑘𝑒

𝑝𝑘(𝑥−𝑢𝑚)

𝑀𝑛,𝑘𝑒
−𝜉𝑘(𝑥−𝑣𝑛) +𝑁𝑛,𝑘𝑒

𝜉𝑘(𝑥−𝑣𝑛)
}
cos (𝑝𝑘𝑦)

𝑝𝑘

∞

𝑘=1

 (136) 
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The calculation of 𝐶𝑚,𝑘 , 𝐷𝑚,𝑘,𝑀𝑛,𝑘, 𝑁𝑛,𝑘 are solved numerically as shown in [168-169].  

The calculation of the losses due to the fringing field of the gap is done based on the 

Poynting theorem which can be expressed as 

Because it is assumed that the electric and the magnetic field do not vary with 𝑧-

coordinate, the overall losses are obtained by multiplying the losses per unit length 𝑃𝑛
′ 

by the conductor length 𝑙𝑛. Therefore, only the per-unit-length losses have to be 

determined by integrating the Poynting vector over the conductor edges 𝜕𝑆𝑛 in the 𝑥𝑦-

plane, with the multiplication by the conductor length. The losses per unit length and 

conductor with assumptions of scalar magnetic potential can be expressed as: 

The 𝑥-component of the magnetic field at the yokes is forced to zero, and thus equation 

(139) can be simplified to an integration along both conductor edges in 𝑦- direction and 

is: 

Solving equation (140), the losses per unit length due to the air gap fringing field are 

given by: 

where: Δ = 𝑑𝑓/𝛿 , the skin depth is 𝛿 = √1/𝜋𝑓𝜎𝜇, and the coefficients 𝜁1,𝑘 =

((
𝑝𝑘
4𝛿4

4
+ 1)

1

2
−
𝑝𝑘
2𝛿2

2
), 𝜁2,𝑘 = ((

𝑝𝑘
4𝛿4

4
+ 1)

1

2
+
𝑝𝑘
2𝛿2

2
). 

The total loss due to the fringing field is given by: 

The additional resistance due to the fringing field can be computed as follows: 

𝜇𝐻𝑥 = −{
𝐶𝑚,𝑘𝑒

−𝑝𝑘(𝑥−𝑢𝑚 + 𝐷𝑚,𝑘𝑒
𝑝𝑘(𝑥−𝑢𝑚)

𝑀𝑛,𝑘𝑒
−𝜉𝑘(𝑥−𝑣𝑛) + 𝑁𝑛,𝑘𝑒

𝜉𝑘(𝑥−𝑣𝑛)
} sin (𝑝𝑘𝑦)

𝜇𝐻𝑦 = {
𝐶𝑚,𝑘𝑒

−𝑝𝑘(𝑥−𝑢𝑚 + 𝐷𝑚,𝑘𝑒
𝑝𝑘(𝑥−𝑢𝑚)

𝑀𝑛,𝑘𝑒
−𝜉𝑘(𝑥−𝑣𝑛) + 𝑁𝑛,𝑘𝑒

𝜉𝑘(𝑥−𝑣𝑛)
} cos (𝑝𝑘𝑦)

 (137) 

𝑃 =
1

2
∭𝑥 𝐸⃗ 𝐽∗⃗⃗⃗  𝑑𝑥𝑑𝑦𝑑𝑧 (138) 

𝑃𝑛
′ = −

1

2
ℜ{

𝛾2

𝜇𝜎
∮ 𝐹𝑧(𝐻𝑦

∗𝑒𝑥⃗⃗⃗⃗ 
𝜕𝑆𝑛

−𝐻𝑥
∗𝑒 𝑦)𝑑𝑠𝑛⃗⃗  ⃗} (139) 

𝑃𝑛
′ =

𝜔

2
ℑ{∫ 𝐹𝑧(𝑣𝑛

ℎ𝑤
2

−
ℎ𝑤
2

+ 𝑑𝑓 , 𝑦)𝐻𝑦
∗(𝑣𝑛 + 𝑑𝑓 , 𝑦) − 𝐹𝑧(𝑣𝑛, 𝑦)𝐻𝑦

∗(𝑣𝑛, 𝑦)𝑑𝑦} (140) 

𝑃𝑛,𝑘
′ =

𝜔ℎ𝑤
𝜇𝛿

(
𝜁1,𝑘

2𝑝𝑘
2 (|𝑀𝑛,𝑘|

2
𝑒−𝜁2Δ + |𝑁𝑛,𝑘|

2
𝑒𝜁2Δ) sinh(𝜁2Δ) +

𝜁2,𝑘

2𝑝𝑘
2ℜ{𝑀𝑛,𝑘 

∗ 𝑁𝑛,𝑘𝑒
𝑗𝜁1Δ} sin(𝜁1Δ)) (141) 

𝑃𝑓(𝐹𝑜𝑖𝑙) = ∑∑𝑙𝑛𝑃𝑛,𝑘
′

∞

𝑘=1

𝑛

𝑛=1

 (142) 
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where: 𝐼𝑚 is the amplitude of the applied current. 

In a fairly similar manner, Ewald et al. calculate the air gap's influence on the winding 

loss for solid round and Litz wire [170]. However, in this case, the formulas presented 

by the authors consider the complete inductor geometry instead of the losses per unit 

length. Moreover, the formulas do not apply to foil conductors because they act as eddy 

current shields and must be modelled separately. The calculation of these formulas with 

the help of Figure 26 is left to the reader for a self-study, and only the final equations 

describing the resistance due to the fringing field for solid round and Litz wire are given 

below:  

where: 

𝑅𝑓(𝐹𝑜𝑖𝑙) = 2𝑃𝑓(𝐹𝑜𝑖𝑙)/𝐼𝑚
2  

(143) 

𝑅𝑓(𝑆𝑜𝑙𝑖𝑑𝑅𝑜𝑢𝑛𝑑) = 𝑅𝐷𝐶𝐺𝑅
2𝜋ℎ𝑤

𝜇0
2𝑉𝑈𝐶

∑𝑐𝑘  (𝑥𝑐,𝑖, 𝑥𝑐,𝑜)|𝐶𝑘|
2 + 𝑑𝑘(𝑥𝑐,𝑖, 𝑥𝑐,𝑜)|𝐷𝑘|

2

∞

𝑘=1

 (144) 

𝑅𝑓(𝐿𝑖𝑡𝑧) = 𝑅𝐷𝐶
′ 𝐺𝑅

′
2𝜋ℎ𝑤

𝜇0
2𝑉𝑈𝐶

∑𝑐𝑘  (𝑥𝑐,𝑖, 𝑥𝑐,𝑜)|𝐶𝑘|
2 + 𝑑𝑘(𝑥𝑐,𝑖, 𝑥𝑐,𝑜)|𝐷𝑘|

2

∞

𝑘=1

 (145) 

𝑅𝐷𝐶 =
4𝑁(𝑥𝑐,𝑜 + 𝑥𝑐,𝑖)

𝜎𝑑2
 (146) 

𝑉𝑈𝐶 = 𝜋ℎ𝑤(𝑥𝑐,𝑜
2 − 𝑥𝑐,𝑖

2 ) 
(147) 

𝐺𝑅 = 𝜋
2𝑑2𝑅𝑒 {

𝛼𝐼1(𝛼)

𝐼0(𝛼)
} (148) 

𝛼 = (1 + 𝑗)
𝑑

2𝛿
  (149) 

𝑅𝐷𝐶
′ =

4𝑁(𝑥𝑐,𝑜 + 𝑥𝑐,𝑖)

𝜎𝑑𝑠
2𝑁𝑠

 (150) 

𝐺𝑅
′ = 𝜋2𝑑𝑠

2𝑁𝑠𝑅𝑒 {
𝛼′𝐼1(𝛼

′)

𝐼0(𝛼
′)
} (151) 

𝛼′ = (1 + 𝑗)
𝑑𝑠
2𝛿
  (152) 

𝐶𝑘 = −
2𝜇0𝑘𝜇𝑁

𝑝𝑘ℎ𝑤(1 − 𝑒
−2𝑝𝑘𝑑𝑤)

𝑠𝑖 (𝑝𝑘
ℎ𝑔

2
) (153) 

𝐷𝑘 = 𝐶𝑘𝑒
−2𝑝𝑘𝑑𝑤 

(154) 

𝑐𝑘(𝑥1, 𝑥2) = [−
𝑒−2𝑝𝑘(𝑥−𝑢1)(2𝑝𝑘𝑥 + 1)

4
]
𝑥1

𝑥2

 (155) 
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Figure 27: Equivalent Inductor Models; (a) Kazimierczuk’s Approach; (b) Coilcraft 

Advanced Frequency Domain Approach; (c) Coilcraft Impedance Model Approach. 

where: 𝑠𝑖(𝑥) = sin(𝑥) /𝑥, 𝑝𝑘 = 2𝜋𝑘𝑁𝑔/ℎ𝑤, 𝐼𝜈 is the modified Bessel function of the first 

kind and the 𝜈-th order, 𝛿 is the skin depth, 𝜎 is the conductivity, 𝑑 is the diameter of 

bare solid round wire, 𝑑𝑠 is the diameter of a bare strand of the Litz wire, 𝑁𝑔 is the total 

number of air gaps, 𝑁 = ∑ 𝑁𝑛
𝑁𝐸𝐹𝐶
𝑛=1  is the total number of conductors, 𝑁𝐸𝐹𝐶 is the number 

of equivalent foil conductors (number of layers), 𝑁𝑛 is the number of conductors in each 

EFC (winding layer), 𝑁𝑠 is the number of strands in a bundle, 𝑉𝑈𝐶 is the volume of the 

winding. The authors predict that their method can predict winding losses with an error 

of 10% for solid round and Litz conductors, and with less than 15% error for foil 

conductors.  

2.5 Modelling of Ferrite Inductors. 

2.5.1 Circuit Modelling. 

The physical power inductor is a complex system that can only be modeled using 

several discrete RLC components, which approximate its distributed characteristics, as 

shown in Figure 27 [4], [174-175]. To make it possible, the circuit modelling using 

simulation programs with integrated circuits emphasis (SPICE) was initially developed 

to mathematically predict these types of difficult behaviors. This approach significantly 

speeds up the entire design process because there is no need to build the physical circuit 

and also allows in non-destructive way to perform several circuit analyses [174-177].  

The SPICE models are intended to behave as a virtual representation of the real 

inductors. Thus, their models must be carefully designed to capture all the appropriate 

characteristics of the inductor. This imposes challenges and limitations on the modelling. 

𝑑𝑘(𝑥1, 𝑥2) = [
𝑒2𝑝𝑘(𝑥−𝑢1)(2𝑝𝑘𝑥 − 1)

4
]
𝑥1

𝑥2
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For instance, small-signal frequency domain models operate within their linear region 

of operation with low signal excitations and utilize Laplace elements to capture 

frequency-dependent parameters, such as inductance or resistance. These simulations 

may be useful for low-current, EMI, or RF designs, but not for high-power applications. 

Power supplies usually require transient and steady-state time domain simulations with 

large signal excitations, and the simulation software does not process Laplace elements 

in the time domain. Moreover, the magnetic components might saturate when exposed 

to high-level excitation signals, which also needs to be modeled. Therefore, there is no 

single equivalent SPICE inductor model that captures all AC loss mechanisms and 

inductor behavior under all conditions.  

Besides SPICE circuit modelling, the correct equivalent inductor circuit models 

are also needed to extract the inductor parameters, such as complex permeability, 

capacitance, windings, and core resistance, directly from impedance measurements 

[178-179]. 

Therefore, in Chapter 3, an improvement to the equivalent inductor models 

depicted in Figure 27 will be shown. The proposed modifications will enable the accurate 

estimation of the measured complex permeability and facilitate the integration of the 

small-signal and large-signal core loss models into a unified model. 

2.5.2 Thermal Modelling.  

International standards typically limit the maximum operating temperature of 

magnetic components, which is one of the key factors limiting their size reduction and 

overall optimization. Moreover, the temperature rise is related to the power loss; thus, a 

correct thermal model can help verify whether the estimated power loss is accurate and 

how it is distributed within the magnetic component.  

The simplest way to predict a temperature rise of a magnetic component is to use 

empirical estimations to simplify the one-dimensional heat equations [4], [147], [180-

182]. However, these empirical estimations are usually limited to natural convection. The 

equation introduced by McLyman [4], [147] is given by: 

Δ𝑇𝑡𝑜𝑡𝑎𝑙 = 450(
𝑃𝑡𝑜𝑡𝑎𝑙
𝐴𝑡𝑜𝑡𝑎𝑙

)
0.826

 (157) 
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Figure 28: Thermal Model of an Inductor. 

where: Δ𝑇 is the temperature rise, 𝑃𝑡𝑜𝑡𝑎𝑙 is the total power dissipated by an inductor, 

𝐴𝑡𝑜𝑡𝑎𝑙 is the total outer surface are of an inductor which directly dissipates heat to the 

ambient. 

The total temperature rise Δ𝑇𝑡𝑜𝑡𝑎𝑙 in the equation, can also be considered as a sum of the 

temperature rise of the external surface to the ambient and also the temperature rise 

across the component between its surface and its hottest point Δ𝑇𝑡𝑜𝑡𝑎𝑙 = Δ𝑇𝑠𝑢𝑟𝑓𝑎𝑐𝑒 +

Δ𝑇𝑎𝑐𝑐𝑟𝑜𝑠.  

Another empirical equation was introduced by Micrometals [181-182]: 

Escribano et al. [181] introduced a relationship between inductor temperature rise, its 

thermal resistance, and its volume, which can be expressed as: 

where: 𝑅𝑡ℎ is the thermal resistance of an inductor, 𝐾𝑡ℎ is the coefficient which depends 

on the inductor geometry and film coefficient of the outer inductor surface, 𝑉 is the 

volume of an inductor. 

Another way to simplify the heat equation and predict the inductor temperature 

rise is to use thermal networks in the form of a thermal ladder, as shown in Figure 28. 

This can be done using 1-D [4], [183], 2-D [184-185], and 3-D models [186]. This approach 

has a limitation of being linear, while the boundary conditions considering convection 

and radiation are not linear. Moreover, in these types of models, the power losses are 

concentrated at a single point, rather than being physically distributed along solid 

bodies. The thermal networks could also be complicated in structure and applicable only 

to one particular inductor design case [180]. 

Δ𝑇𝑡𝑜𝑡𝑎𝑙 = (
𝑃𝑡𝑜𝑡𝑎𝑙
𝐴𝑡𝑜𝑡𝑎𝑙

)
0.833

 (158) 

Δ𝑇𝑡𝑜𝑡𝑎𝑙 = 𝑅𝑡ℎ𝑃𝑡𝑜𝑡𝑎𝑙 =
𝐾𝑡ℎ
𝑉2/3

𝑃𝑡𝑜𝑡𝑎𝑙 (159) 

Rth,WA Rth,W Rth,CW Rth,CA

PW PC

TA TA
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2.5.3 FEM Modelling.  

Finite element modelling (FEM) is used to comprehensively design and simulate 

magnetic components in a multi-physics environment. In general, the description of the 

physical systems is done through partial differential or integral equations. These 

equations, instead of being solved analytically, which can often be difficult or infeasible, 

are solved numerically and approximately by the FEM software. This is done by dividing 

(meshing) the domain of interest into smaller subdomains (finite elements), setting up a 

relatively simple set of equations for each element at each mesh node, and then gathering 

these into larger algebraic sets of equations that model the entire simulated system. 

These equations are then solved numerically by minimizing predefined error functions, 

during which the solution approaches the optimum as the elements are chosen smaller 

(i.e., a finer mesh). The FEM approach delivers the most realistic solution with the 

highest accuracy among circuit and thermal modelling if the simulation parameters, 

such as material properties and boundary conditions, are correctly defined.  

The setup of the FEM simulation is iterative, and each step should be executed in 

a predefined order, which also might require adaptation and re-execution of earlier 

steps, which are: 

• The relevant FEM software must be chosen, e.g., Ansys Maxwell, for electromagnetic 

simulation. 

• The appropriate solver must be chosen, e.g., magnetostatic, eddy current, or 

transient, depending on the type of simulation. 

• The simulated geometry must be designed in the FEM software itself or imported as 

a CAD model.  

• The relevant materials and materials’ properties must be allocated to imported 

geometrical elements.  

• The excitation signals and boundary conditions must be set. 

• The solver setting must be defined. 

• The geometry must be successfully divided (converged) into smaller volumes 

(meshing) on which the physics is going to be solved. 

• Numerical solution of the resulting model. 

• Post-processing of the computed results. 
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The most popular FEM software for simulating magnetic components is Ansys 

Maxwell, COMSOL Multiphysics, and CST Studio Suite. This software is typically 

divided into various simulation solutions within multiphysics suites, allowing users to 

combine, for example, electromagnetic simulation performed in Ansys Maxwell with 

thermal simulation in Ansys Icepak to obtain comprehensive simulation results for the 

same simulated object. The same applies to the COMSOL Multiphysics and CST Studio 

Suite.  

2.6 Summary. 

In this chapter, a comprehensive overview of magnetic components used in 

power electronics has been provided. The importance of power electronics and its 

magnetic components is evidenced by the number of existing converters and their 

applications across various industrial branches.  

However, the main aim of this chapter is to demonstrate the properties of 

magnetic components, their loss mechanisms, and the state-of-the-art loss calculation 

techniques, as well as the possible modelling and simulation techniques to optimize their 

design. 

Based on the overview in Chapter 3, an improved complex permeability 

measurement and calculation technique will be proposed. These techniques are based 

on small-signal impedance measurements, an improved inductor model, and iterative 

approximation curve fitting. This approach may help in the development of improved 

inductor loss models and universal SPICE models that capture all AC loss mechanisms, 

which currently do not exist.  

Moreover, in Chapter 3, an improved RESE (iRESE) core loss model will be 

presented. The iRESE unifies the Steinmetz-based core loss model with the small-signal 

complex permeability model to comprehensively characterize the entire core loss 

spectrum, regardless of the magnitude of the excitation signals. It also considers the 

rectangular excitation of signals and the DC bias phenomenon commonly present in the 

switch-mode power supplies (SMPS), along with the magnetic permeability roll-off near 

the core saturation level. 

 

 



3 .  A n a l y t i c a l  M o d e l l i n g  a n d  P o w e r  L o s s  C a l c u l a t i o n s  

o f  I n d u c t o r s   P a g e  | 69 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

Chapter 3 

3. Analytical Modelling and Power Loss Calculations of 

Inductors. 

Most of the chapter text is taken from the author’s papers [187], [208] and referenced 

when appropriate. 

3.1 Improved Measurement and Calculation Techniques of 

Complex Permeability. 

The inductor optimization process requires verification and improvement in the 

calculation of several quantities, including winding resistance, core resistance, 

temperature rise, and power loss, which define the inductor's shape, size, and cost. These 

quantities depend on each other, so a miscalculation in one might cause significant 

discrepancies in the others, and thus, they must be carefully studied [187]. 

The tool commonly used for this purpose is a vector network analyzer (VNA). 

This relatively affordable device sweeps through frequency ranges, extracting all the 

necessary information that is further required for the design of an equivalent inductor 

model. Moreover, the VNA has one significant advantage - it allows measurement in the 

“off-line” mode, on a stand-alone inductor, which significantly simplifies the method, 

saving time and resources. However, it should be remembered that this type of inductor 

analysis is performed using a small-signal technique. Thus, large-signal losses require 

additional effort in measurements, especially when core loss is considered. 

In the model, the inductor equivalent series resistance (ESR), as shown in Figure 

29 and Figure 30, consists of embedded information on winding and core resistance. 

Therefore, an engineer must know both quantities to split the data accurately. The 

winding resistance is usually calculated using Dowell’s equation [4-5]. In contrast, the 

core resistance depends mostly on the imaginary part of the complex permeability when 

the applied testing signal is small enough. Unfortunately, the precise estimation of core 

resistance is not always possible because the core manufacturers’ data are subject to 

significant measurement uncertainties [188]. Moreover, the real inductor itself is a 
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Figure 29: (a) Toroidal Ferrite Coil and (b) its Equivalent Simplified Series Model. 

 

Figure 30: Series Un-Gapped High-Frequency Equivalent Inductor Model. 

complex system with many other quantities influencing permeability values. The best 

way to achieve good convergence in calculations is to obtain the required information 

directly from the complex permeability measurement, thereby stripping out results from 

unwanted information. 

However, several existing complex permeability measurement and calculation 

techniques do not fully reveal how complex permeability is measured and fitted, or the 

fitting is oversimplified [189-195] or overly complicated [196]. The fittings are done based 

on not fully complete equivalent inductor models with several fitting variables, which 

can take arbitrary values and do not represent the physical behavior of the inductor [197-

198]. This approach cannot yield the valid results necessary for simulation programs 

with integrated circuit emphasis (SPICE), commonly used in industry to model the 

behavior of electronic circuits and expedite time-to-market product release [174-175].  

This chapter paragraph discusses existing complex permeability measurement 

and calculation techniques and proposes a new one based on small-signal impedance 

 

 

(a) (b) 
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measurements, an improved equivalent inductor model, and an iterative approximation 

curve fitting technique. This enables the relatively accurate estimation of complex 

permeability values, regardless of inductor size, shape, winding structure, or frequency 

range. The method is simple and intuitive to process, assuming the frequency 

dependence of most inductor model components, and thus overcomes some limitations 

and the complexity of other methods [4], [178], [190], [196-197]. This is significant 

because it may aid in the development of improved inductor loss models and universal 

simulation models (e.g., SPICE models) that capture all AC loss mechanisms, which 

currently do not exist, especially in high-frequency power electronics applications. 

3.1.1 Complex Permeability Verification. 

The verification of complex permeability values and the characteristics provided 

by core manufacturers is crucial for inductor power loss and overall optimization [155], 

[174-179]. This can be successfully done if the inductor model is well-defined, together 

with all its parasitic components, which influence the inductor impedance measurement. 

It must be considered that most existing inductor models used in standard power 

electronic applications are valid for switching frequencies of up to 3 MHz, a range that 

shall be significantly extended [190].  

3.1.1.1 Definition of Inductor Lumped Model and Complex Permeability Values. 

Some of the research work [189], [195], [197] and the IEC 62044-2 standard [192] 

simplify the complex permeability measurement procedure by assuming that the 

toroidal lumped inductor model, as shown in Figure 29, is only a series combination of 

resistance and reactance. In the case of an ungapped toroidal core with only one layer of 

widely spaced windings, this approach may yield valid results. However, it is worth the 

additional effort to take a step further and refine the model to be even more accurate, 

incorporating the remaining parasitic components into the overall calculations [187]. 

The existing high-frequency equivalent inductor models, except for the 

simplified R-L circuit, consider the inductor's stray capacitance, core resistance, leakage 

inductance-related components, and the influence of inductor terminals [4], [155], [174-

175], [179], [190], [199]. 
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Considering the power inductor, these models can be further simplified as shown 

in Figure 30, removing all the parasitic components influencing the model until a multi-

megahertz switching frequency is in place, 

where: 

𝐶𝑠 − inductor stray capacitance measured at self-resonance, 

𝑅𝑐𝑠 − inductor stray capacitance equivalent series resistance, 

𝐿𝑠 − inductor series inductance measured at low frequencies, 

𝑅𝑐 − equivalent core series resistance, 

𝑅𝑤 − winding resistance, 

𝑅𝑐𝑤 − core and windings equivalent series resistance. 

As reported in [174-175], the inductor lumped model should include the 

equivalent series resistance of the stray capacitor to make the model more realistic and 

avoid nonexistent signal spikes if the model is placed in a simulation software.  

The capacitor ESR is primarily influenced by the dielectric permittivity of the 

coating on the winding wires, which is typically made of polyurethane or polyamide 

resin, and to a lesser extent by the dielectric permittivity of other insulation materials, 

such as Kapton, Mylar, and others [5]. Usually, the dielectric constant for such materials 

ranges from 3 to 4 [5], [200-202]. Moreover, the IEC 60317-20 [203] imposes on the 

enameled winding wires an upper limit for the dielectric loss tangent, which is 300 ⋅

10−4 at 1MHz frequency. Taking these factors into account, the inductor capacitance ESR 

(𝑅𝐶𝑠) can be estimated as: 

𝑅𝐶𝑠 =
tan𝛿

𝜔 ⋅ 𝐶𝑠
 (160) 

where: 

tan 𝛿 − dielectric loss tangent, which is assumed to be 300 ⋅ 10−4 for copper-to-copper 

wire turn, 

𝜔 − angular frequency. 

The impedance, the real and imaginary parts of the inductor equivalent model 

shown in Figure 30, can be expressed as: 
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Figure 31: Effective Complex Permeability of TN25/15/10-3F3 Toroidal Core, Blue – Real 

Part of Complex Permeability, Orange – Imaginary Part of Complex Permeability. 

𝑟 =
𝜔4𝐿𝑠

2𝐶𝑠
2𝑅𝐶𝑠 +𝜔

2𝐶𝑠
2𝑅𝑐𝑤𝑅𝐶𝑠(𝑅𝑐𝑤 + 𝑅𝐶𝑠) + 𝑅𝑐𝑤

(1 − 𝜔2𝐿𝑠𝐶𝑠)
2 + (𝜔𝐶𝑠(𝑅𝑐𝑤 + 𝑅𝐶𝑠))

2
 

   (161) 

𝑥 =
𝜔3𝐿𝑠𝐶𝑠(𝐶𝑠𝑅𝐶𝑠

2 − 𝐿𝑠) − 𝜔𝐶𝑠𝑅𝑐𝑤
2 +𝜔𝐿𝑠 

(1 − 𝜔2𝐿𝑠𝐶𝑠)
2 + (𝜔𝐶𝑠(𝑅𝑐𝑤 + 𝑅𝐶𝑠))

2  (162) 

where:  

𝑅𝑐𝑤 = 𝑅𝑤 + 𝑅𝑐 

and thus, the effective real and imaginary part of the complex permeability is [192]: 

𝜇𝑟
′ =

𝑙𝑐
𝜇0𝐴𝑐𝑁

2
⋅
𝑥

𝜔
 (163) 

𝜇𝑟
′′ =

𝑙𝑐
𝜇0𝐴𝑐𝑁

2
⋅
𝑟

𝜔
 (164) 

As it is self-evident, the effective complex permeability values depend on the 

inductor core geometry and winding structure, and thus are unique for each inductor 

setup [191]. Therefore, the data provided by the core manufacturers is for close-to-ideal 

inductors and is valid far from the inductor's self-resonance. Otherwise, it may only 

serve as a basis for the initial estimation of the core magnetic permeability behavior [187]. 

This assumption will be verified in Chapter 4. 

As shown in Figure 31, the imaginary part of the effective complex permeability 

characteristics bends upwards at low frequencies. This phenomenon is primarily due to 

the resistance of the inductor windings, and to a lesser extent, to the remaining parasitic 

RLC elements that the physical inductor is composed of, as shown in Figure 30. 



3 .  A n a l y t i c a l  M o d e l l i n g  a n d  P o w e r  L o s s  C a l c u l a t i o n s  

o f  I n d u c t o r s   P a g e  | 74 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

The effective complex permeability model itself represents the physical behavior 

of a real inductor, where the resistance of the winding wires and other parasites must be 

included. Therefore, the bending might be removed from the measurement e. g. by a 

curve fitting [189], because it represents a physical change from the dominance of the 

core loss to the winding loss [187].  

3.1.1.2 Mathematical Verification of Low-Frequency Effective Complex Permeability. 

As shown, the measured low-frequency imaginary part of the complex 

permeability bends upward to higher values. Mathematically, this phenomenon might 

be explained by the fact that when frequency decreases toward zero (equation (161)), the 

real part of the inductor impedance tends to the frequency-independent finite value, 

which is the windings’ DC resistance (𝑅𝑤𝐷𝐶). This can be written as:  

lim
𝜔→0

𝑟 = 𝑅𝑤𝐷𝐶 (165) 

while, at the same time, the imaginary part of the effective complex permeability tends 

to infinity: 

lim
𝜔→0

𝜇𝑟
′′ =

𝑙𝑐
𝜇0𝐴𝑐𝑁

2
⋅
𝑟

𝜔
=

𝑙𝑐
𝜇0𝐴𝑐𝑁

2
⋅
𝑅𝑤𝐷𝐶
𝜔

→ ∞ (166) 

The bending indeed exists and is caused by a natural phenomenon, which originates 

from the inductor lumped model and is an inherent part of the effective complex 

permeability model itself. 

On the other hand, the above phenomenon does not exist if we consider the real part of 

complex permeability. In this case, the imaginary part of the inductor impedance tends 

to zero, 

lim
𝜔→0

𝑥 = 0 (167) 

while the real part of complex permeability tends to a high but finite value, which 

depends on the inductor’s lumped parameters and can be expressed as follows: 

lim
𝜔→0

𝜇𝑟
′ =

𝑙𝑐
𝜇0𝐴𝑐𝑁

2
⋅
𝑥

𝜔
=

𝑙𝑐
𝜇0𝐴𝑐𝑁

2
⋅ (−𝐶𝑠𝑅𝑐𝑤

2 + 𝐿𝑠)  ≈
𝑙𝑐

𝜇0𝐴𝑐𝑁
2
⋅  𝐿𝑠 (168) 

Based on the characteristic shown in Figure 31 and the mathematical explanation 

of the low-frequency bending phenomenon, the new iterative approximation curve 

fitting technique, together with verification of complex permeability characteristics, will 

be presented next.  



3 .  A n a l y t i c a l  M o d e l l i n g  a n d  P o w e r  L o s s  C a l c u l a t i o n s  

o f  I n d u c t o r s   P a g e  | 75 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

Figure 32: Example of Toroidal Inductor Cross-Section with Highlighted Turn-to-Turn 

and Turn-to-Core Capacitance. 

3.1.1.3 Mapping of Effective Complex Permeability Characteristics based on Inductor Equivalent 

Model and Iterative Approximation Curve Fitting. 

The effective complex permeability curves can be mapped from measurements 

using an iterative approximation curve-fitting technique based on a series of ungapped 

equivalent inductor models, as shown in Figure 30. During the fitting process, the 

samples’ impedance should be measured using an impedance or VNA analyzer. The 

inductance value used in the approximation should be measured at low frequencies (a 

few tens of kHz at most) and lie within the plateau range of the measured characteristics. 

It is suspected that most of the inductor stray capacitance is between wire turns 

and between wire turns and the core, as shown in Figure 32. Therefore, the dielectric loss 

tangent of the capacitor ESR is a complex case influenced by the dielectric permittivity 

of several materials, such as the enameled copper wire coating, the air between the wire 

and the core, the core coating, and the core material itself [187]. 

Unfortunately, insufficient research has been conducted on the electrical 

parameters of such materials, so loss tangent characteristics versus frequency are not 

commonly available [191], [204]. It is assumed that most of the capacitor ESR loss tangent 

is due to the ratio of the core imaginary and the real part of complex permittivity, which 

might sharply increase at high frequencies due to the ferrite material structure itself, core 

shape, and its dimensional resonance [191], [205].  

The approximation itself assumes that the resistance of the inductor windings 

changes along the frequency range according to the standard Dowell equation [4-5], 
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[179]. This assumption yields accurate results, especially when the inductor has no 

distributed or discrete air gaps and consists of a single layer of widely spaced winding 

turns [187].  

The extraction assumes that the measured complex permeability values follow 

equations (163-164), where 𝑟 and 𝑥  come from the impedance measurement. Then the 

obtained results are compared with estimated ones, which are also calculated with the 

help of equations (163-164); however, at this time, with 𝑟 and 𝑥  coming from equations 

(161-162), namely [187]: 

𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑
′ = 𝜇𝑟

′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 + ξ𝜇𝑟′  (169) 

𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑
′′ = 𝜇𝑟

′′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 + ξ𝜇𝑟′′  (170) 

ξ𝜇𝑟′  = 𝜇𝑟
′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 − 𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑

′  (171) 

ξ𝜇𝑟′′ = 𝜇𝑟
′′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 − 𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑

′′  (172) 

where: 

𝜇𝑟
′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑  − real part of effective complex permeability (the measured characteristic), 

𝜇𝑟
′′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 − imaginary part of effective complex permeability (the measured 

characteristic), 

𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑
′ − estimated real part of complex permeability, using equations (162) and (163),  

𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑
′′ − estimated imaginary part of complex permeability, using equations (161) 

and (164), 

ξ𝜇𝑟′ − shift between measured and estimated real part of complex permeability 

characteristic, 

ξ𝜇𝑟′′ − shift between the measured and estimated imaginary part of the complex 

permeability characteristic. 

The fitting variable is the imaginary part of the complex permeability, which is part of 

the core series resistance (𝑅𝑐), and is expressed as follows: 

𝑅𝑐 =
𝜇𝑟
′′
𝑓𝑖𝑡𝑡𝑒𝑑𝜇0𝑁

2𝐴𝑐𝜔

𝑙𝑐
 (173) 

The 𝜇𝑟
′′
𝑓𝑖𝑡𝑡𝑒𝑑 is the value stripped away from the influence of parasitics and represents 

the actual core loss. Its value can be obtained during an iterative sweep when the 

absolute value of the shift given by equation (172) is minimal: 

ξ𝜇𝑟𝑚𝑖𝑛 
′′ = 𝑀𝐼𝑁 |𝜇𝑟

′′
𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑

− 𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑
′′ | (174) 
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To get the best fitting results, the series inductance 𝐿𝑠 was assumed to be a variable one, 

which changes along the frequency range following the changes of the measured real 

part of complex permeability, as such: 

𝐿𝑠 =
𝜇′𝑟𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑𝜇0𝑁

2𝐴𝑐

𝑙𝑐
 (175) 

It is suspected that the method heavily depends on the inductor stray capacitor 

ESR (𝑅𝐶𝑠) value. Unfortunately, there is insufficient data available to confirm or refute 

this phenomenon and accurately estimate the ESR value across the entire frequency 

range. The theoretical approach to limit its range and estimate its value will be presented 

next, while the FEM simulation and test-bench measurement results will be presented 

in Chapters 4 and 5, respectively.  

3.1.2 Estimation of Inductor Stray Capacitor ESR Value. 

The ESR of the inductor stray capacitor (𝑅𝐶𝑠) depends on the dielectric loss 

tangent (equation (160)) of several materials as shown in Figure 32. As it is suspected, 

one of the most significant contributors to the ESR is the loss tangent of the core coating 

and the core itself. 

The method presented in this paper utilizes an inductor series equivalent model for the 

calculations. Additionally, the stray capacitance within the model also includes an ESR 

in series. The relationship between admittance, complex permittivity, and the loss 

tangent calculations shall also be done with a series capacitor model, which can be 

expressed as follows: 

𝑡𝑎𝑛𝛿 =
𝜔𝜖𝑟

′′ + 𝜎

𝜔𝜖𝑟′
 (176) 

𝑌𝑠 = 𝐺𝑠 + 𝑗𝜔𝐶𝑠 (177) 

𝜖𝑟 = 𝜖𝑟
′ − 𝑗𝜖𝑟′′ (178) 

𝜖𝑟
′ =

𝐶𝑠𝑑𝑠
𝜖0𝐴𝑠

 (179) 

𝜖𝑟
′′ =

𝐺𝑠𝑑𝑠
𝜔𝜖0𝐴𝑠

=
𝜎

𝜔𝜖0
 (180) 

where: 

𝜔 − angular frequency, 

𝐺𝑠 − measured series conductance, 

𝐶𝑠 − measured series capacitance, 
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𝜖𝑟 − series relative complex permittivity, 

𝜖𝑟
′ − real part of the series complex permittivity, 

𝜖𝑟
′′ − imaginary part of the series complex permittivity, 

𝜎 − material conductivity, 

𝑑𝑠 − sample thickness, 

𝐴𝑠 − sample cross-section. 

The loss tangent does not depend very much on the sample thickness and cross-section, 

and thus, equation (176) can be simplified to: 

𝑡𝑎𝑛𝛿 ≈
𝜖𝑟
′′

𝜖𝑟′
=
𝐺𝑠
𝜔𝐶𝑠

 (181) 

Moreover, a better understanding of the origin of the inductor's stray capacitance 

and its ESR requires an investigation of the core resonance phenomena and their 

influence on the complex permeability values, which will be discussed next. 

3.1.3 Influence of Core Natural and Dimensional Resonance on Complex 

Permeability. 

In general, there are at least three factors that contribute to the resonance in Mn-

Zn ferrites [48], [206-207], namely: 

• resonance due to the windings’ stray capacitance and the inductor self-

inductance, 

• the windings behave as a distributed constant line, 

• inherent characteristics of the magnetic material. 

As stated in the previous paragraphs, the inductor's stray capacitance and its 

ESR, which are assumed to be mostly related to the windings, do not appear to impact 

the inductor's complex permeability characteristics, and the stray capacitance is 

somehow excluded from the overall calculations. It contradicts what one might expect 

and suggests that the inductor resonance originates somewhere else. 

Moreover, the phenomenon where the winding behaves as a distributed constant 

line is most pronounced in inductors with multiple turns at multi-megahertz 

frequencies, in the form of self-repeating resonance.  
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The resonance phenomenon, which still applies, is the resonance resulting from the 

inherent characteristics of the magnetic material. In this case, there are two phenomena: 

• natural resonance, 

• dimensional resonance. 

The natural resonance happens to the ferrites with high magnetic permeability due to 

the resonance of magnetization rotation under the action of the anisotropy field 

[48],[207]. 

Above the resonance, the real part of the complex permeability drops along the line 

known as Snoke’s limit.  

The Snoke’s limit can be calculated as follows [48] [207]: 

𝑓 ⋅ 𝜇𝑟 =
𝑣 ⋅ 𝐵𝑠
3 ⋅ 𝜋 ⋅ 𝜇0

  (182) 

𝑣 = 𝑔𝑒 ⋅ 𝑞𝑒 ⋅
𝜇0

2 ⋅ 𝑚𝑒
  (183) 

where: 

𝑓 ⋅ 𝜇𝑟 − Snoke’s limit in [𝑀𝐻𝑧], 

𝑓 − switching frequency, 

𝜇𝑟 − relative magnetic permeability, 

𝑣 − gyromagnetic constant, 

𝐵𝑠 − assumed magnetic saturation level of ferrite material, 

𝜇0 − magnetic permeability of free space, 

𝑔𝑒 − electron g-factor, 

𝑞𝑒 − electron charge, 

𝑚𝑒 − electron mass.  

As shown in Figure 31, the change in the real part of the complex permeability 

characteristics is preceded by an increase in permeability and then followed by a sharp 

drop. Suppose the drop happens way before Snoke’s limit. In that case, it suggests that 

the magnetic resonance cannot be attributed to the natural resonance, but rather to a 

second phenomenon related to the shape and dimensions of the inductor core. 

For the sake of explanation, in the steady-state at low frequencies, the field inside 

the core is uniform and in phase with the excitation field provided by the windings, 
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which represents the quasi-static field assumption. However, as the frequency increases, 

the field tends to be concentrated at the surface of the core, a phenomenon known as the 

skin effect, which also applies to conducting materials such as ferrites.  

Because of the combined effect of the high resistivity phase of the ferrite grains, and the 

high permittivity and high permeability at the same time, the excitation field will 

propagate through the core at a different velocity than in free space. This reduced 

velocity can be expressed as a product of the wavelength, which is: 

𝜆 =
𝑐

𝑓√𝜇𝑟𝜖𝑟 
 (184) 

where: 

𝑐 − speed of light, 

𝑓 − switching frequency, 

𝜇𝑟 − ferrite relative permeability, 

𝜖𝑟 − ferrite relative permittivity. 

In this case, the shorter wavelength causes phase displacement between the magnetic 

field inside the core and the magnetic field on its surface, and the quasi-static field 

assumption no longer applies. It causes the net flux linking the windings to be no longer 

a function of the core cross-sectional area. Moreover, if the dimensions of the core are an 

integer multiple of the wavelength, the electromagnetic wave will resonate within the 

core, and the crest of the standing wave will trigger dimensional resonance. If this 

happens, the net flux linkage of the windings is zero, resulting in a zero apparent 

inductance [48], [206-207].  

The proposed model also assumes that the resonant frequency is almost 

independent of the number of winding turns, suggesting that the inductor's stray 

capacitance and its ESR in a given configuration are mostly due to the capacitance and 

ESR of the core, which will be discussed next. This will be proven in Chapter 4. 

3.1.4 Estimation of Inductor Stray Capacitance. 

Estimation of the core and the winding capacitances and their ESRs would 

improve the lumped inductor model and help in the more precise extraction of the 

complex permeability characteristics. 
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Theoretical estimation of the winding’s capacitance has been done using the method 

given in [4], namely: 

𝐶𝑡𝑡 =
2𝜖0𝑀𝐿𝑇

√(
1
𝜖𝑟
ln
𝑑0
𝑑𝑖
+ 1)

2

− 1

arctan

(

 
 
√1+

2

1
𝜖𝑟
ln
𝑑0
𝑑𝑖
)

 
 

 (185) 

𝐶𝑠𝑛𝑐 =
𝐶𝑡𝑡
𝑁 − 1

 (186) 

𝐶1,𝑁 = 𝐶𝑡𝑡 +
𝐶1(𝑁−2)𝐶𝑡𝑡

2𝐶1(𝑁−2) + 𝐶𝑡𝑡
 (187) 

𝐶𝑠𝑤𝑐 ≈ 1.366𝐶𝑡𝑡 𝑓𝑜𝑟 𝑁 ≥ 10 (188) 

𝐶𝑠𝑑𝑐 ≈ 1.366𝐶𝑠𝑛𝑐 = 1.366
𝐶𝑡𝑡
𝑁 − 1

  𝑓𝑜𝑟 𝑁 ≥ 10 (189) 

where: 

𝐶𝑡𝑡 − turn-to-turn capacitance of a single-layer inductor, 

𝑁 − number of turns, 

𝑀𝐿𝑇 − mean length of turn, 

𝜖𝑟 − relative permittivity, 

𝜖0 − permittivity of free space, 

𝑑0 − winding wire diameter with coating, 

𝑑𝑖 − bare winding wire diameter, 

𝐶𝑠𝑛𝑐 − inductor stray capacitance without a core, 

𝐶1,𝑁 − inductor stray capacitance with a core and N turns, 

𝐶𝑠𝑤𝑐 − approximated inductor stray capacitance with a core, 

𝐶𝑠𝑑𝑐 − approximated inductor stray capacitance with a dummy core, 

𝑆𝑅𝐹𝑑𝑐 − self-resonant frequency of an inductor with a dummy core, 

𝐶𝑠𝑑𝑐(𝑚𝑒𝑎𝑠) − measured inductor stray capacitance with a dummy core, 

𝐿𝑑𝑐 − inductance of an inductor with a dummy core. 

This method has also been verified in two ways: empirically through finite element 

method (FEM) analysis and laboratory measurements, as will be shown in Chapters 4 

and 5, respectively. 

 

 



3 .  A n a l y t i c a l  M o d e l l i n g  a n d  P o w e r  L o s s  C a l c u l a t i o n s  

o f  I n d u c t o r s   P a g e  | 82 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

 

Figure 33: Improved Series Equivalent Inductor Model. 

3.1.5 Improved Equivalent Inductor Model. 

As it is assumed and will be investigated in subsequent chapters, the inductor's 

self-resonant frequency depends not only on the windings’ capacitance but also on the 

apparent capacitance of the core.  

In the case of the windings’ capacitance, it is assumed that in certain inductor 

configurations, the ferrite core has only a negligible impact on it. Therefore, this 

capacitance is mostly defined by the coreless turn-to-turn capacitance (𝐶𝑠𝑛𝑐) and the 

capacitance to core coating or bobbin (𝐶𝑠𝑤𝑐) (equations (185-189)) [4].  

In the case of the core, capacitance exists between core crystal grains due to the 

high-resistivity phase deposited on the grain boundaries. This causes high effective 

permittivity [206], which, combined with the ferrite's high permeability, significantly 

reduces the length of the electromagnetic waves propagating through the core. At certain 

frequencies, the electromagnetic wave will resonate within the core, triggering 

dimensional resonance and causing a sharp drop in the real part of the complex 

permeability. We might refer to the core capacitance as apparent because it is not due to 

charge storage, but rather to complex resonance-based phenomena that cause winding-

core flux decay. Its ESR is also a product of complex phenomena inside the ferrite crystal 

structure.  

Nevertheless, to properly model the inductor, its stray capacitance should be split 

into two parts: one related to the windings and one related to the core, as shown in 

Figure 33.  

Unfortunately, the relationship between the core and the windings is complex 

and implicit; thus, there is insufficient scientific evidence regarding the correct 
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relationship between their ESRs. To keep the model consistent with the obtained data, 

both ESRs had been combined into one resistance (𝑅𝐶𝑠𝑐𝑤).  

The windings’ capacitance (𝐶𝑠𝑤) can be estimated using equations (185-189). The core 

capacitance (𝐶𝑠𝑐) can be estimated by simply subtracting the capacitance obtained from 

the L-C product at the inductor self-resonant frequency. The combined ESR (𝑅𝐶𝑠𝑐𝑤) of 

the windings and the core can be obtained using equations (176-181) and the iterative 

approximation curve fitting technique until the relative fitting error is small (e.g., less 

than 2%) across the entire frequency range.  

3.2 Improved Core Loss Calculations. 

The core loss of the ferrite-based magnetic components is usually characterized 

by the well-known Steinmetz equation and its derivatives. This occurs when the 

magnitude of the excitation signal is high enough; otherwise, the core loss is defined by 

the complex permeability. These two models are based on different assumptions; thus, 

this chapter aims to combine the large- and small-signal core loss models into a single, 

unified model. Moreover, the chapter paragraph presents improvements to the existing 

state-of-the-art core loss model, specifically regarding the influence of the switching 

duty-cycle of rectangular excitation signals and the DC bias [208].  

The ferrite-based core loss characteristics provided by the core manufacturers are 

designed to calculate the average power loss per unit volume or mass. The characteristics 

are estimated by the well-known original Steinmetz equation (OSE) [102], which is: 

where: k, a, b are the Steinmetz coefficients obtained during the fitting of the double 

logarithmic core loss characteristics given by the core manufacturers, f is the switching 

frequency, and Bm is the amplitude of the magnetic flux density. 

Unfortunately, the equation, despite its simplicity, does not account for non-

sinusoidal excitation signals, such as rectangular waveforms and their DC bias, a 

situation that often prevails in modern switch-mode power supplies (SMPS). 

As shown in various works, rectangular excitation waveforms have a profound 

impact on core loss, especially at the minimum and maximum values of the switching 

duty cycle. Therefore, to address this issue, various core loss models dedicated to the 

non-sinusoidal excitations have been designed: the MSE [104], GSE [105], iGSE [106], 

𝑃𝑂𝑆𝐸 = 𝑘𝑓
𝛼𝐵𝑚

𝛽
 (190) 
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WcSE [109], i2GSE [114], RESE [115], ISE [116], FGSE [117], SSLE [123]. These models, 

e.g., assume that the core loss is proportional to the magnetic flux density rate of change 

(dB/dt) [104-106, 114], the magnetic flux density is piece-wise-linear allowing separate 

calculations of the power loss of each minor and major B-H loop [106, 114], include the 

relaxation phenomenon during the zero-voltage transition periods [114, 166-117] and/or 

DC bias [105, 123]. These models attempt to predict the core loss accurately, but they 

often suffer from large numbers of hard-to-predict coefficients and overall method 

complexity. 

Therefore, a new core loss model dedicated to rectangular AC voltages, based on 

the rectangular extension of the Steinmetz equation (RESE) [115] and referred to as an 

improved RESE (iRESE), is proposed [208].  

The iRESE unifies the Steinmetz-based core loss model with the small-signal 

complex permeability model to comprehensively complete the entire core loss 

characteristics regardless of the magnitude of the excitation signals. Moreover, it also 

takes into account the rectangular excitation of signals and the DC bias phenomenon 

commonly present in the switch-mode power supplies (SMPS), together with the 

magnetic permeability roll-off near the core saturation level [208]. 

3.2.1 Review of RESE Based Loss Models.  

The RESE model is specifically designed for rectangular AC voltage excitation. It 

is based on the ideal inductor model connected in parallel with the equivalent core loss 

resistor, as shown in Figure 34. 

It introduces the proportionality coefficient to the OSE that is based on the 

measured data and serves as a link between the square and the sinusoidal excitation core 

losses. This coefficient is obtained by comparing the triangular and sinusoidal magnetic  

flux densities, both with the same peak-to-peak values, and the resulting ratio is referred 

to as the equivalent resistor loss at the same excitation signal. This gives a “U” shape 

core loss characteristic as a function of the duty-cycle ratio, a situation commonly 

encountered in switch-mode power supplies. An example of such characteristics is given 

in Figure 35. 



3 .  A n a l y t i c a l  M o d e l l i n g  a n d  P o w e r  L o s s  C a l c u l a t i o n s  

o f  I n d u c t o r s   P a g e  | 85 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

Figure 34: RESE; (a) Equivalent Core Loss Model; (b) Different Induction Waveforms 

with the Same Peak-to-Peak Values. 

The following equation expresses the method itself: 

where: 𝐷 is the duty-cycle ratio, 𝑘, 𝛼, 𝛽 are the Steinmetz coefficients, 𝛾 is the material 

fitting coefficient. 

The primary challenge appears to be verification of the method, particularly due 

to the precise measurement of power loss versus duty-cycle ratio [115, 209-213]. 

Typically, this is accomplished through voltage-current measurement using an 

oscilloscope, known as the two-windings method. This measurement approach, in its 

standard setup, measures the inductor magnetizing voltage across the inductor's 

secondary windings and the magnetizing current across the current-sensing resistor  

 

Figure 35: RESE Core Loss for TN13-7.5-5-3F3 @ 200kHz, Bm=25mT, 100oC and Various 

Duty-Cycles D, Orange – Sinusoidal Excitation, Blue – Rectangular Excitation.  

 
 

(a) (b) 

𝑃𝑅𝐸𝑆𝐸 =
8

𝜋2[4𝐷(1 − 𝐷)]𝛾+1
𝑘𝑓𝛼𝐵𝑚

𝛽
 (191) 
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Figure 36: Standard Two-Winding Measurement Method; (a) Conceptual Diagram; (b) 

Equivalent Circuit Schematic. 

placed on the primary side. This arrangement allows for avoiding the influence of the 

inductor’s winding resistance and parasitics related to the leakage inductance. The core 

loss is then expressed by: 

The equivalent circuit schematic and equivalent setup are given in Figure 36. 

The method can exclude the winding loss and applies to arbitrary excitation 

waveforms; however, it suffers from the sensitivity to phase discrepancy Δ𝜙𝑠𝑒𝑛𝑠𝑒, which  

is the phase angle difference between the measured voltage 𝑣𝑅𝑠𝑒𝑛𝑠𝑒 across the sensing 

resistor and the magnetizing current 𝑖𝑚 flowing through it. This phase discrepancy leads 

to a core loss measurement error, especially profound at megahertz frequencies [115, 

209-211]. The error usually originates from the current sensing resistor’s parasitics, 

voltage probes’ frequency and amplitude discrepancies, and the oscilloscope’s 

resolution and sampling rate. Based on the study given in [214], the measurement error 

applicable to sinusoidal excitations can be expressed as: 

 

𝑃𝑐 =
1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝑚(𝑡)𝑣𝑅𝑠𝑒𝑛𝑠𝑒(𝑡)𝑑𝑡
𝑇

0

 (192) 
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Figure 37: Core Power Loss Measurement Error Versus 𝜙𝑚 @ 0.1°, 1° and 10° of Phase 

Discrepancy Δ𝜙𝑠𝑒𝑛𝑠𝑒 [209]. 

where: 𝜙𝑚 is the phase angle difference between the magnetizing voltage 𝑣𝑚 and the 

magnetizing current 𝑖𝑚. Typically, the magnetizing reactance of the tested transformer 

is significantly higher than the value of the current sense resistor. Therefore, the phase 

angle between the magnetizing voltage and the magnetizing current is close to 90°. This 

leads to the situation where the tan (𝜙𝑚) in equation (193) goes to infinity limit, 

significantly amplifying variations of phase discrepancy Δ𝜙𝑠𝑒𝑛𝑠𝑒, which causes an 

increase in the measurement error. 

A similar relationship also applies to the rectangular excitation signals.  

The severity of the measurement error is illustrated in Figure 37 [209], where a 1° 

phase discrepancy can result in a 100% measurement error near a 90° phase angle.  

The mitigation of the core loss measurement error in an almost pure inductive 

environment was demonstrated in [115, 209, 215-216] by introducing the capacitive and 

inductive cancellation methods. As the capacitive cancellation is dedicated to the 

sinusoidal excitations only, and since this work is dedicated to the square excitation 

signals, the capacitive cancellation will be excluded from the discussion. 

The inductive cancellation method applies to any arbitrary waveforms, and the 

general idea behind it is to introduce a second inductor into the two-winding 

measurement circuit, as shown in Figure 38.  

 

Δ = tan(𝜙𝑚) ⋅ Δ𝜙𝑠𝑒𝑛𝑠𝑒 (193) 
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Figure 38: Circuit Diagram of Mu’s Inductive Cancellation Method. 

The added inductor is placed in such a way that it acts with the inductor under 

test and the remaining components of the test-bench circuitry, canceling the reactive 

voltage [209-211, 215-216]. This brings the 90° phase angle between the magnetizing 

voltage 𝑣𝑚 and the magnetizing current 𝑖𝑚 near 0°, revealing a purely resistive core loss. 

In this case, the equation (192) can be rewritten as: 

where: 𝑣𝑟𝑒𝑠 is the cancellation voltage across the inductive resonant tank. 

The measurement error becomes: 

where: 𝜙𝑟𝑒𝑠 is the phase angle between 𝑣𝑟𝑒𝑠 and 𝑖𝑚. 

In principle, this reactive power cancellation [115, 209-211, 215-216] scheme can 

be considered as comparing a reference air transformer core loss with the core loss under 

test. If the reactive power is cancelled during resonance, the power loss difference 

between the two is the core loss of the inductor under test. 

 

𝑃𝑐 =
1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝑟𝑒𝑠(𝑡)𝑣𝑅𝑠𝑒𝑛𝑠𝑒(𝑡) 𝑑𝑡
𝑇

0

 (194) 

Δ = tan(𝜙𝑟𝑒𝑠) ⋅ Δ𝜙𝑠𝑒𝑛𝑠𝑒 (195) 
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Figure 39: Relation Between 𝜙𝑟𝑒𝑠 and Cancellation Inductance 𝐿 with Three Different 

Values of 𝜙𝑚 [210]. 

Despite the method's accuracy and simplicity, it suffers from sensitivity to the 

cancellation inductance value. If the cancellation inductance does not perfectly match 

the inductance of the tested core, a significant jump in 𝜙𝑟𝑒𝑠 occurs, leading to meaningful 

measurement errors, as shown in Figure 39 [210-211].  

This makes the method impractical both industrially and technically, as 

inductance trimming might be very challenging and time-consuming. The relationships 

between the critical inductance 𝐿0, the magnetizing inductance 𝐿𝑚 and the reference 

inductance 𝐿 to achieve perfect cancellations for sinusoidal excitation is given by [210-

211]: 

Furthermore, Mu’s method suffers from one more disadvantage. Because the 

tested cores usually have high magnetic permeability, it is difficult to build a matching 

air or low core loss transformer. It requires a large number of turns, which introduces 

significant and undesired winding capacitance and other parasitic elements in the 

measurement. Therefore, the method is suitable only for low-inductance inductors.  

The improvement to the Mu’s cancellation method, known as the partial 

cancellation method, was introduced by Hou et al. in [210-211].  

The Hou’s method eases the constraints on matching the magnetizing inductance 

of the core under test with the critical inductance of the reference air transformer by  

𝐿0 = 𝐿𝑚 ⋅
𝑅𝑐𝑝
2

𝑅𝑐𝑝
2 + (𝜔𝐿)2

 (196) 

ϕres = arctan [(1 −
L

L0
) ⋅ tan (𝜙𝑚)] (197) 
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Figure 40: Circuit Diagram of Hou’s Inductive Partial Cancellation Method. 

introducing the cancellation factor 𝑘. The cancellation factor compensates for the 

mismatch between 𝐿𝑚 and 𝐿 as in Figure 38, therefore, an exact matching between 𝐿𝑚 

and 𝐿 is not necessary. The conceptual circuit diagram for this method is given in Figure 

40. 

In this method, it is assumed that there are three sources of discrepancies during 

the core loss measurement: (i) Δ𝜙𝑖𝑚 the phase discrepancy between the measured 

voltage across the sensing resistor 𝑣𝑅𝑠𝑒𝑛𝑠𝑒 and the real magnetizing current flowing 

through it 𝑖𝑚, (ii) Δ𝜙𝑚 the phase discrepancy between the measured 𝑣𝑚′ and real 𝑣𝑚, and 

(iii) Δ𝜙𝐿 the phase discrepancy between the measured 𝑣𝐿′ and real 𝑣𝐿.  

Considering the sinusoidal excitation, the cancellation of the Δ𝜙𝑖𝑚 (if Δ𝜙𝑚 =

Δ𝜙𝐿 = 0) can be done by the introduction of the cancellation factor 𝑘, which is: 

where: 𝜙𝑚 is the phase difference between the magnetizing current 𝑖𝑚 and the 

magnetizing voltage 𝑣𝑚. 

Then the core loss can be calculated as follows: 

𝑘 =
𝑉𝐿

𝑉𝑚 ⋅ 𝑠𝑖𝑛𝜙𝑚
 (198) 

𝑃𝑐 =
1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝑚𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡 −

1

𝑘
⋅

1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝐿𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡
𝑇

0

𝑇

0

 (199) 
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Because the 𝑉𝑚 ⋅ 𝑠𝑖𝑛𝜙𝑚 cannot be directly calculated, the phase disturbance needs 

to be introduced to the voltage across the sensing resistor, giving: 

The perturbation cannot be too big or too small; the suggested optimum is 

Δ𝜙𝑖𝑚
′ = 1°. 

The remaining phase discrepancies Δ𝜙𝑚 and Δ𝜙𝐿 can be calculated assuming that 

the Δ𝜙𝑖𝑚 compensate during the calculation process [210-211]. In this case, it can be 

written: 

where: 𝑣′𝑚 and 𝑣𝐿
′  are the measured voltages. 

There exists a measurement error due to the remaining phase discrepancy Δ𝜙𝑚 −

Δ𝜙𝐿. It is caused by the phase mismatch between the two voltage probes measuring 𝑣𝑚 

and 𝑣𝐿. This can be eliminated by measuring the same voltage with both of the probes 

and then calculating an integral 
1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝑚

′ 𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡
𝑇

0
 for each of them. The results 

should be adjusted by a deskew function in the oscilloscope until the calculated integrals 

show the same value. 

Considering the rectangular excitation waveforms, the cancellation factor is 

given by [115, 209-211]: 

where: 𝑉𝐿(𝑝𝑘−𝑝𝑘) and 𝑉𝑚(𝑝𝑘−𝑝𝑘) are the peak-to-peak values of 𝑉𝐿 and 𝑉𝑚, respectively. 

The work of Mu [115, 209, 215-216] and Hou [210-211] was further extended by 

Sanusi et al. in [212] by adding to the original methodology a study on DC bias 

magnetization in linear region and also by Rasekh et al. in [213] by introducing an offline 

compensation of phase discrepancy using offline impedance sweep and the FFT analysis.  

The area for improvement in Hou’s models is to extend core loss calculations into 

the near-saturation non-linear region and also add the losses existing in the small-signal 

domain by combining the complex permeability small-signal model with the large-

signal Steinmetz-based model. This results in one unified and comprehensive core loss 

model in all signal domains [208]. 

𝑘 =
∫ 𝑣𝐿𝑣′𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡 − ∫ 𝑣𝐿𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡

𝑇

0

𝑇

0

∫ 𝑣𝑚𝑣′𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡 − ∫ 𝑣𝑚𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡
𝑇

0

𝑇

0

 (200) 

1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝑚

′ 𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡 −
1

𝑘
⋅

1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣′𝐿𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡 = 𝑃𝑐 + 𝑉𝑚 ⋅ 𝑠𝑖𝑛𝜙𝑚 ⋅ 𝐼𝑚 ⋅ (Δ𝜙𝑚 − Δ𝜙𝐿)
𝑇

0

𝑇

0

 (201) 

𝑘 =
𝑉𝐿(𝑝𝑘−𝑝𝑘)

𝑉𝑚(𝑝𝑘−𝑝𝑘)
 (202) 
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3.2.2 Review of Small and Large Signal Core Resistance Calculation 

Methodologies. 

There are two concurrent core resistance calculation methodologies: (i) the small-

signal core resistance calculation method, which is based on the complex permeability 

values, and (ii) the large signal core resistance calculation method based on the Steinmetz 

equation, which depends on the magnitude of the excitation signal. 

3.2.2.1 Small-Signal Core Resistance. 

The small-signal series core resistance of an inductor is given by [4, 178]: 

where: 𝐴𝑐 is the effective cross-section of a magnetic core, 𝑁 is the number of winding 

turns, 𝑙𝑐 is the effective magnetic length of the core, 𝜇0 is the magnetic permeability of 

the free air, 𝜔 is the angular frequency, 𝑅𝑔 is the air gap reluctance, 𝜇𝑟
∗ = 𝜇𝑟

′ − 𝑗𝜇𝑟" is the 

complex magnetic permeability. 

Regarding the gapless inductor, equation (203) becomes: 

where: 𝜇𝑟′′ is the imaginary part of the complex permeability. 

According to the IEC 62044-2 [192], the small signal imaginary part of the 

complex permeability of an inductor under test is given by equation (164), where the 

impedance measurement is done at a testing signal not exceeding 𝐵𝑚 = 0.25 [𝑚𝑇]. 

However, as shown in Figure 30, an inductor is a complex system [4, 178, 187, 

208]; therefore, the real part of the impedance measurement is, in fact, a combination of 

many variables coming from the inductor's parasitics. 

The relation expressing this variables’ mix is given by equation (161). 

Thus, the best way to extract the core resistance from this complex equation is to 

use an iterative approximation curve fitting as shown in [187], which takes into account 

all the variables seen in Figure 30. 

Another approach to calculating the core resistance is to measure the core parallel 

resistance 𝑅𝑐𝑝 of an inductor at a self-resonant frequency and then transfer it to the series 

𝑅𝑐 = 𝑅𝑒(𝑗𝜔 ⋅
𝑁2

𝑙𝐶
𝐴𝑐𝜇𝑟

∗𝜇0
+ 𝑅𝑔

) (203) 

𝑅𝑐 =
𝜇𝑟
′′𝜇0𝑁

2𝐴𝑐𝜔 

𝑙𝑐
 (204) 



3 .  A n a l y t i c a l  M o d e l l i n g  a n d  P o w e r  L o s s  C a l c u l a t i o n s  

o f  I n d u c t o r s   P a g e  | 93 

P . S z c z e r b a   M o d e l i n g  a n d  A n a l y s i s  o f  M a g n e t i c  C o m p o n e n t s  u s e d  i n  

H i g h - F r e q u e n c y  P o w e r  E l e c t r o n i c s  S y s t e m s  

 

Figure 41: Two-Winding Small-Signal Core Resistance Measurement using HP4294A 

Impedance Analyzer [178]. 

one as follows [4, 178]: 

The inductor core parallel resistance 𝑅𝑐𝑝 is constant and well-defined at inductor 

self-resonance; however, the inductance 𝐿 seen by the impedance analyzer changes 

along the frequency range, depends on the magnitude of the testing signal and is also a 

complex function of the inductor reactance and its parasitic variables [4, 187], which is 

given by equation (162).  

Therefore, the approach using equation (205) must also be carefully examined, as 

many factors influence the result, and an iterative approximation may also be involved 

in the calculations. 

The fastest and probably one of the most accurate methods for calculating core 

resistance is to use an advanced impedance analyzer, such as the Agilent/HP 4294A. The 

measurement in this case is performed using a standard two-winding, four-terminal 

method, as shown in Figure 36 and Figure 41 [178], respectively.  

This type of impedance analyzer precisely measures impedance, even when 

testing high-Q materials, where the phase difference between the magnetizing current 

and the magnetizing voltage is very close to 90°, as discussed at the beginning of 

paragraph 3.2.  

3.2.2.2 Large-Signal Core Resistance. 

In general form, the ohmic power loss can be expressed as: 

where: 𝐼𝑟𝑚𝑠 is the RMS value of the current, and 𝑅 is the resistance. 

𝑅𝑐 =
(𝜔𝐿)2 ⋅ 𝑅𝑐𝑝
(𝜔𝐿)2 + 𝑅𝑐𝑝

 (205) 

𝑃 = 𝐼𝑟𝑚𝑠
2 𝑅 (206) 
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Figure 42: Characteristics of the Core Resistance 𝑅𝑐 vs. Magnetic Flux Density 𝐵𝑚 @ 200 

kHz for TN13/7.5/5-3F3 with a 3 Turns Bifilar Winding, Green - Based on the Steinmetz 

Model, Orange – Based on the Complex Permeability Model, Blue – Measured 

Characteristics. 

Regarding the core loss, equation (206) can be reformulated into: 

where: 𝐼𝑚 is the amplitude of the core magnetizing current and 𝑅𝑐 is the core resistance.  

On the other hand, the core power loss can be expressed using equation (190), 

yielding: 

where: 𝑉𝑒 is the effective volume of the core. 

Thus, the core resistance is given by: 

and adding temperature adjustment, it becomes: 

where: 𝑇 is the temperature, 𝜉1, 𝜉2, 𝜉3 are the temperature fitting coefficients. 

As shown in Figure 42, the small- and large-signal core loss models exhibit 

completely different characteristics, which are neither complementary nor intersecting.  

Therefore, an educated choice is to find a characteristic that reflects a real 

behavior of the core loss regardless of the magnitude of the excitation signal, as will be 

shown in the following paragraph of this work.  

𝑃𝑐 =
𝐼𝑚
2 𝑅𝑐
2

 (207) 

𝑃𝑐 = 𝑉𝑒𝑘𝑓
𝛼𝐵𝑚

𝛽
 (208) 

𝑅𝑐 = 2𝑉𝑒𝑘𝑓
𝛼𝐵𝑚

𝛽
𝐼𝑚
−2 (209) 

𝑅𝑐 = 2𝑉𝑒𝑘𝑓
𝛼𝐵𝑚

𝛽
𝐼𝑚
−2(𝜉1𝑇

2 − 𝜉2𝑇 + 𝜉3) (210) 
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3.2.3 Proposed Core Loss Calculation Methodology.  

The proposed core loss calculation methodology is not intended to alter or 

dispute the core loss measurement approach proposed by Mu et al. [115, 209,215-216] 

and Hou et al. [210-211]. This is because their methodologies have already been proven 

to be feasible and accurate [212-213]. In this work, Hou’s measurement method is used 

to calculate the core loss. However, the new method, referred to here as the improved 

RESE (iRESE), is rather an extension of the RESE model, pushing it into small and near-

saturation large-signal domains for both sinusoidal and non-sinusoidal excitation 

signals, including a DC bias magnetization [208].  

The knowledge about the core loss and the complex permeability in the small-

signal domain can be used, e.g., in the design of the low-noise magnetic shielding [189], 

while the near-saturation operation is often used in SMPS as a trade-off between 

magnetic component efficiency, cost, and size [217], or it can also be used for an 

application-specific solution, such as inrush current limiters [218]. 

The proposed methodology is assumed to be modular, meaning that its modules 

or steps can be used independently whenever the application involves sinusoidal or 

rectangular excitation signals. 

The iRESE modular flowchart is given in Figure 43. It is divided into five 

significant steps, which will be presented subsequently [208]. 

STEP I: 

The DC bias of the applied excitation signal levels off at the operating point, where the 

induction signal swings between its maximum and minimum values. If one of these 

extremes lies beyond the linear region of the B-H characteristics, then the magnetic 

permeability roll-off occurs. The same situation happens if the magnitude of the 

excitation signal without a DC bias is high enough to exceed the B-H linear region. 

This phenomenon affects the swing magnitude of the magnetic flux density at 

given field intensity values, pre-magnetizes the core, and thus increases the core loss.  

The reversible permeability for sinusoidal excitations can be calculated using a 

method introduced by Esguerra et al. in [219-224]. The method is based on the Coleman-

Hodgdon hysteresis model [70, 73, 95, 96], which is given by: 
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Figure 43: iRESE Modular Flowchart of the Proposed Core Loss Calculation Method, 

Decision Blocks in Red, Action Blocks in Blue. 

where: 𝑓(𝐵) and 𝑔(𝐵) are the material functions, 𝑓(𝐵) is the anhysteretic curve 

describing the hysteresis, 𝑔(𝐵) is the reversible function describing the drift from the 

anhysteretic curve, and 𝛼 is the fitting parameter. 

The method assumes that there is no need to define arbitrary 𝑓(𝐵) and 𝑔(𝐵) 

functions, but instead, an accurately measured major hysteresis loop can be used as a 

solution to equation (211) and the minor hysteresis loops. 

𝑑𝐻

𝑑𝐵
= ±𝛼 (

𝑑𝐵

𝑑𝑡
) (𝑓(𝐵) − 𝐻) + 𝑔(𝐵) (211) 
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The empirical fit functions, which describe the lower and upper branches of the 

major hysteresis loop, are given by: 

where: 𝐻𝐿 is the lower branch of the B-H curve, 𝐻𝑈 is the upper branch of the B-H curve, 

𝐵𝑠𝑎𝑡 is the assumed saturation of the magnetic flux density, 𝐻𝑐 is the coercive magnetic 

field intensity, 𝑎, 𝑏 are the fitting coefficients and 𝑎 ≈ 𝑏, 𝜇𝑐 is the magnetic permeability 

near the coercive magnetic field intensity, 𝜇0 is the magnetic permeability of the free 

space.  

Then the anhysteretic curve can be described as: 

where: 𝜇𝑖 is the initial magnetic permeability. 

The reversible permeability for an ungapped core can be calculated as follows: 

Using equations (212-216) and substituting them into equation (217) gives: 

and with some empirical modifications, the equation (218) becomes: 

The magnetic flux density values at a given magnetic field intensity regarding a 

DC bias give an anhysteretic magnetization curve described by: 

𝐻𝐿(𝐵) =
𝐵

𝜇0𝜇𝑐
⋅

1

1 − (
𝐵
𝐵𝑠𝑎𝑡

)
𝑎 +𝐻𝑐 (212) 

𝐻𝑈(𝐵) =
𝐵

𝜇0𝜇𝑐
⋅

1

1 − (
𝐵
𝐵𝑠𝑎𝑡

)
𝑏
−𝐻𝑐 (213) 

𝐻(𝐵) = 𝐻𝐿(𝐵) − 𝐻𝑐 (1 −
𝐵

𝐵𝑠𝑎𝑡
)
𝜏

 (214) 

𝜏 = 𝛼0𝐵𝑠𝑎𝑡 (215) 

𝛼0 =
1

𝜇0𝐻𝑐
(
1

𝜇𝑖
−
1

𝜇𝑐
) (216) 

𝜇𝑟𝑒𝑣 =
1

𝜇0
⋅
𝑑𝐵

𝑑𝐻
=
1

𝜇0
⋅ (
𝑑𝐻

𝑑𝐵
)
−1

 (217) 

𝜇𝑟𝑒𝑣 =

(

 
 1 + (𝑎 − 1) (

𝐵
𝐵𝑠𝑎𝑡

)
𝑎

[1 − (
𝐵
𝐵𝑠𝑎𝑡

)
𝑎

]
2

1

𝜇𝑐
+

1

(1 −
𝐵
𝐵𝑠𝑎𝑡

) (1 −
𝐵
𝐵𝑠𝑎𝑡

)
−𝛼0𝐵𝑠𝑎𝑡

(
1

𝜇𝑖
−
1

𝜇𝑐
)

)

 
 

−1

 (218) 

𝜇𝑟𝑒𝑣 =

(

 
 1 + (𝑎 − 1) (

𝐵
𝐵𝑠𝑎𝑡

)
𝑎

[1 − (
𝐵
𝐵𝑠𝑎𝑡

)
𝑎

]
2

1

𝜇𝑐
+

1

(1 −
𝐵
𝐵𝑠𝑎𝑡

) [2 − (1 −
𝐵
𝐵𝑠𝑎𝑡

)
−𝛼0𝐵𝑠𝑎𝑡

]

(
1

𝜇𝑖
−
1

𝜇𝑐
)

)

 
 

−1

 (219) 
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Considering the gapped inductor, the effective reversible permeability can be expressed 

as follows: 

where: 𝑙𝑔 is the length of the air gap. 

The effective magnetic field intensity at any 𝜇𝑟𝑒𝑣(𝑒) is given by: 

The above considerations regard the sinusoidal excitations. Unfortunately, the 

reversible permeability and the B-H characteristics are not well-defined by any models 

[70] for rectangular excitation signals when saturation occurs. Therefore, in this case, the 

permeability roll-off must be calculated iteratively, step by step, at any given operating 

point. It also refers to the DC bias operating point. Empirically, the proposed method 

follows the lower B-H branch if the DC bias is positive. 

As it was described in paragraph 3.2 (Equation (199)), Hou’s method [210-211] 

cancels the reactive power by comparing a reference air transformer core loss with the 

core loss under test. However, this is only valid in the linear region of the B-H 

characteristics. If saturation happens, e.g., in the case of a DC bias the relationships 
1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅

1

𝑇
∫ 𝑣𝑚𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡
𝑇

0
 and 

1

𝑘
⋅

1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝐿𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡
𝑇

0
 do not change proportionally, 

introducing an error in the reactive power cancellation. This is because the voltage 𝑣𝐿 

depends on linear coreless inductance and its permeability, while the voltage 𝑣𝑚 drops 

non-linearly as the magnetic permeability rolls off. Therefore, an additional 

proportionality factor, which compensates for this phenomenon, must be introduced 

into equation (199), yielding: 

where: 𝜎 =
𝜇𝑟𝑒𝑣

𝜇𝑟
 is the proportionality factor taking into account small-signal magnetic 

permeability roll-off near saturation due to DC bias, 𝜇𝑟𝑒𝑣 is the small-signal reversible 

permeability value, 𝜇𝑟 is the initial small-signal permeability value measured in the 

𝐻𝑑𝑐 =
1

𝜇0𝜇𝑐
⋅

𝐵𝑑𝑐

1 − (
𝐵𝑑𝑐
𝐵𝑠𝑎𝑡

)
𝑎 

(220) 

𝜇𝑟𝑒𝑣(𝑒) =
𝜇𝑟𝑒𝑣

1 +
𝜇𝑟𝑒𝑣 ⋅ 𝑙𝑔
𝑙𝑐

=
1

1
𝜇𝑟𝑒𝑣

+
𝑙𝑔
𝑙𝑐

 
(221) 

𝐻𝑑𝑐(𝑒) = 𝐻𝑑𝑐 +
1

𝜇𝑟𝑒𝑣(𝑒)𝜇0
⋅ 𝐵𝑑𝑐(𝑒) (222) 

𝑃𝑐 =
1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝑚𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡 −

1

𝜎
⋅
1

𝜂
⋅
1

𝑘
⋅

1

𝑅𝑠𝑒𝑛𝑠𝑒
⋅
1

𝑇
∫ 𝑣𝐿𝑣𝑅𝑠𝑒𝑛𝑠𝑒𝑑𝑡
𝑇

0

𝑇

0

 (223) 
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linear region, 𝜂 =
𝜇𝑟𝑒𝑣(𝑎)

𝜇𝑟(𝑎)
 is the proportionality factor taking into account large-signal 

magnetic permeability roll-off near saturation, 𝜇𝑟𝑒𝑣(𝑎) is the large-signal reversible 

permeability value, 𝜇𝑟(𝑎) is the initial large-signal permeability value measured in the 

linear region near 𝐻𝑐. 

STEP II – IV: 

As stated in [188], the core manufacturers' data, as found in the cores’ datasheets, 

is subject to significant uncertainties. Therefore, the first step in the proposed 

methodology is to verify the original Steinmetz equation coefficients using the 

measuring method given by Hou et al. [210-211] under sinusoidal excitations. 

This should give the following relationship: 

However, as it will be shown in the test-bench verification (Chapter 4) this 

relationship would be better fitted with the fifth-degree polynomial regarding core loss 

temperature dependency, yielding: 

As shown in Figure 42, the transition point between small and large excitation 

signals causes the Steinmetz characteristics to bend horizontally. Because of the 

complexity, this non-linear behavior can be fitted by adding to the equation (225) a ninth-

degree polynomial, giving: 

where: 𝜒𝑖 are the fitting coefficients of a ninth-degree polynomial regarding magnetic 

flux density, 𝜉𝑛 are the fitting coefficients of the fifth-degree polynomial regarding 

temperature dependency.  

STEP V: 

According to Figure 43 there are a few scenarios regarding this step, namely: 

1. If there is a sinusoidal excitation and a DC bias, then equation (226) becomes: 

𝑃𝑐 = 𝑉𝑒𝑘𝑓
𝛼𝐵𝑚

𝛽
(𝜉1𝑇

2 − 𝜉2𝑇 + 𝜉3) (224) 

𝑃𝑐 = 𝑉𝑒𝑘𝑓
𝛼𝐵𝑚

𝛽
⋅ (∑ 𝜉𝑛𝑇

𝑛

5

𝑛=0

) (225) 

𝑃𝑐 = 𝑉𝑒𝑘𝑓
𝛼 (𝐵𝑚

𝛽
+∑𝜒𝑖𝐵𝑚

𝑖

9

𝑖=0

) ⋅ (∑𝜉𝑛𝑇
𝑛

5

𝑛=0

) (226) 

𝑃𝑐 = 𝑉𝑒𝑘𝑓
𝛼 (𝐵𝑚

𝛽
+∑𝜒𝑖𝐵𝑚

𝑖

9

𝑖=0

) ⋅ (∑𝜉𝑛𝑇
𝑛

5

𝑛=0

) ⋅ 𝐹(𝐵𝑑𝑐) (227) 
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where: 𝐹(𝐵𝑑𝑐) = ∑ 𝜁𝑗𝐵𝑑𝑐
𝑗4

𝑗=0  is the sinusoidal excitation and a DC bias magnetization 

function obtained with the help of equations (211-222), 𝜁𝑗 are the fitting coefficients. This 

equation is purely dedicated to sinusoidal excitations with a DC bias.  

2. If the rectangular excitation takes place, the corresponding relationship can be 

added to equation (227), giving: 

where: 𝑘1 = 𝛿𝑘, 𝛿, 𝛾 are the function fitting coefficients @ 𝐵𝑑𝑐 = 0.  

The equation (228) can be used to calculate the core loss at rectangular excitation 

signals if the DC bias and the characteristics from STEP V.1 are known. This equation 

represents the complete iRESE model. 

3. If there is a rectangular excitation without a DC bias, the equation (226) changes 

as follows: 

where: 𝑘2 = 𝛿1𝑘, 𝛿1, 𝛾1 are the function fitting coefficients. 

4. If rectangular excitation comes together with a DC bias, the DC bias is added to 

the rectangular core loss with the assumption that the duty ratio of the signals equals 

𝐷 = 0.5. Because a complex relationship exists between B and H near the core saturation 

region the DC magnetization function to be added is rather a function of 𝐻𝑑𝑐 than 𝐵𝑑𝑐 as 

in equations (227-228), yielding: 

where: 𝐹(𝐻𝑑𝑐) = ∑ 𝜖𝑗𝐻𝑑𝑐
𝑗4

𝑗=0  is the DC bias magnetization function, 𝜖𝑗 are the fitting 

coefficients. 

As is evident, the proposed iRESE method comprehensively and in a modular 

manner deals with sinusoidal and rectangular excitation signals, with or without a DC 

bias. In the next chapter, the assumptions given above will be evaluated through test-

bench measurements.  

𝑃𝑐 = 𝑉𝑒
8

𝜋2(4𝐷(1 − 𝐷))
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3.3 Summary. 

As stated, several existing complex permeability measurement and calculation 

techniques do not fully reveal how complex permeability is measured and fitted, or the 

fitting is oversimplified [189-195], [197], or overcomplicated [196]. Moreover, these 

techniques are often based on mathematical approximations and incomplete equivalent 

inductor models, where several fitting variables are adjusted simultaneously, taking on 

arbitrary values [197-198]. This approach cannot lead to valid results and does not 

accurately represent the physical behavior of the inductor needed for SPICE-based 

simulation software commonly used in industry [174-175].  

The proposed method addresses this issue by implementing an iterative 

approximation curve-fitting technique. This technique is based on the inductor series 

equivalent model, with only one fitting variable, assuming that the inductance and the 

other quantities change along the frequency range according to the measured inductor 

impedance. This change and the model represent the physical behavior of an inductor, 

and only one fitting variable ensures high fitting accuracy without the possibility of 

assigning arbitrary values to other quantities, which would otherwise be fitted. This 

allows accurate estimation of complex permeability regardless of inductor size, shape, 

winding structure or frequency range.  

The chapter also introduces an improved rectangular extension of the Steinmetz 

equation (iRESE) core loss calculation method [208].  

The iRESE unifies the Steinmetz-based core loss model with the small-signal 

complex permeability model to comprehensively complete the entire core loss 

characteristics regardless of the magnitude of the excitation signals. 

The unification of both models seems to be imminent both: (i) because that is how 

the inductor actually behaves and (ii) because the single model can be used in both small 

and large-signal domains, which was not possible before. 

Moreover, it also considers the rectangular excitation of signals and the DC bias 

phenomenon commonly present in the switch-mode power supplies (SMPS), along with 

the magnetic permeability roll-off near the core saturation level. 

The model is also structured to be modular, meaning that each part can be used 

separately according to the intended application. This unique approach provides 
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engineers and scientists with all the required information at once regarding core loss, as 

well as the flexibility to choose the approach depending on the application they are 

working on. 

The method also discusses the nonlinearity of the inductor magnetizing current 

and its impact on the core losses in the small-signal domain. Thus, with an extra effort, 

the method can also be applied to the SPICE modelling and simulation, which is required 

by the industry for fast and precise estimation of the magnetic components' core loss. 

The proposed model has five degrees of freedom regarding the core loss in the 

ferrite materials and includes dependency on: (i) the magnitude of the magnetic flux 

density, (ii) frequency of the excitation, (iii) temperature variations, (iv) the shape of the 

excitation signal, and (v) DC bias. 

The method is applicable but not limited to SMPS applications and can also be 

applied to any other arbitrary applications affected by DC bias and rectangular 

excitation waveforms, such as electric vehicle inverters and wireless power transfer 

systems [208]. 
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Chapter 4 

4. Test-Bench Measurements and Verification. 

This chapter experimentally verifies the assumptions and claims made in Chapter 3. 

Most of the chapter text is taken from the author’s papers [187], [208] and referenced 

when appropriate. 

4.1 Experimental Verification of Inductor Complex Permeability 

Values. 

The experimental verification of inductor complex permeability was done using 

a Bode 100 VNA from “Omicron Lab” together with a homemade impedance adapter 

similar to the B-WIC test fixture at 0dBm testing signal strength, as shown in Figure 44. 

The test prototypes were built with commercially available cores and winding wires. The 

inductors’ physical parameters are shown in Table 3, while the test results are shown in 

Figure 45a-f and the inductors themselves in Figure 46a-c, respectively, where: 

𝐴𝑐 − core cross-section area, 

𝑙𝑐 − length of magnetic path, 

𝑁 − number of turns, 

𝐺𝑎𝑝 − length of the air gap, 

𝑡 − distance between two adjacent winding turns, 

𝑆𝑅𝐹 − inductor self-resonant frequency, 

𝐿 − inductance measured at approximately 10kHz, 

𝐶𝑠 − inductor stray capacitance at self-resonant frequency, 

𝑑 − winding wire diameter. 

Table 3: Physical Parameters of Inductors used for Complex Permeability 

Measurements. 

Sample No. 
Core  

Type 

Core 

Material 

Ac  

[mm2] 

lc 

[mm] 

N 

[-] 

Gap 

[mm] 

t  

[mm] 

SRF 

[MHz] 

L  

[H] 

Cs 

[pF] 

d 

[mm] 

Sample 1 TN 10/6/4 3C90 7.8 24.1 10 N/A 2.5 9.907 103.78 2.48 0.28 

Sample 2 TN 20/10/7 3C90 33.6 43.6 10 N/A 4.7 2.814 234.17 13.65 0.75 

Sample 3 TN 25/15/10 3C90 48.9 60.2 10 N/A 6.3 2.954 237.23 12.49 0.75 

Sample 4 TX 58/41/18 3E25 152 152 10 N/A 15.6 1.262 574.60 27.64 0.75 

Sample 5 ETD 44/22/15 3C90 173 103 10 N/A 3.2 2.365 331.23 13.67 0.75 

Sample 6 ETD 44/22/15 3C90 173 103 10 1.3 3.2 27.663 21.17 1.56 0.75 
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Figure 44: Complex Permeability Test-Bench Setup. 

Figure 45: Effective Complex Permeability Plots, Blue – Real Part of Complex 

Permeability, Orange – Imaginary Part of Complex Permeability, (a) Sample 1; (b) 

Sample 2; (c) Sample 3; (d) Sample 4; (e) Sample 5; (f) Sample 6. 
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(c) (d) 
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Figure 46: Structure of Sample 2, Sample 3 and Sample 5; (a) Sample 2 used in 

Verification of Complex Permeability Characteristics; (b) Sample 3 used in Verification 

of Complex Permeability Characteristics; (c) Sample 5 with Possible Micro Air Gaps 

Affecting Complex Permeability Values. 

The testing signal strength as per IEC 62044-2 was chosen so as not to exceed 𝐵𝑚𝑎𝑥 =

0.25 𝑚𝑇.  

As shown in Figure 45a-f, the core shape and the windings’ structure impact the 

complex permeability values as predicted. This makes the permeability characteristics 

unique for each inductor, especially near the inductor’s self-resonant frequency. 

The imaginary part of the effective complex permeability characteristics bends 

upwards at low frequencies. Indeed, this phenomenon is primarily due to the resistance 

of the inductor windings, and to a lesser extent, to the remaining parasitic RLC elements 

that the physical inductor is composed of and can be removed from the measurement, 

e.g., by curve fitting [189], as predicted.  

The possible cracks in core material or small air gaps not visible to the naked eye, 

which, e.g., exist at the joints of core halves, might significantly decrease the complex 

permeability, and thus the inductance of an inductor itself (Figure 45e, Figure 46c).  

The above is even more self-evident if the gapped inductor is considered. The 

influence of the gap, and thus its resistance and the resistance of the fringing field, 

dominates, significantly decreasing the values of the real and imaginary parts of the 

complex permeability characteristics (Figure 45f).  

The low-frequency bending phenomenon will be investigated in the following 

paragraph. 

   

(a) (b) (c) 

Possible Micro Air Gaps at Core 
Halves. 
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Figure 47: Sample 2 and Sample 3 Impedance Plots; (a) Sample 2 Impedance Plot, Red – 

Impedance Magnitude, Blue – Impedance Phase; (b) Sample 2 Inductance Plot, Red – 

Inductance Value, Blue – Impedance Phase; (c) Sample 3 Impedance Plot, Red – 

Impedance Magnitude, Blue – Impedance Phase; (d) Sample 3 Inductance Plot, Red – 

Inductance Value, Blue – Impedance Phase.  

4.1.1 Test-Bench Verification of Complex Permeability based on Inductor 

Equivalent Model and Iterative Approximation Curve Fitting. 

The measured complex permeability curves can be verified using an iterative 

approximation curve fitting technique based on a series, ungapped equivalent inductor 

model (Figure 30). The inductors selected for the fitting are Sample 2 and Sample 3, both 

with ferrite cores made of 3C90 material from Ferroxcube and wound with 10 turns of 

widely spaced, 0.75 mm in diameter, enameled copper wire (Figure 46a-b). The average 

space between adjacent winding wires was assumed to be 4.7mm for Sample 2 and 6.3 

mm for Sample 3 (Table 3). During the fitting process, the samples’ impedance was 

measured from 100 Hz to 13 MHz using a Bode 100 VNA (Figure 47a-d). The inductance 

measurement was performed at a frequency of approximately 10 kHz, which falls within 

the plateau range of the measured characteristics. It is suspected that most of the 

inductor stray capacitance is between wire turns and between wire turns and the core 

(Figure 32).  
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Figure 48: Sample 2 Real and Imaginary Part of Complex Permeability: Dark Blue – Real 

Part of Measured Characteristic, Green – Real Part of Estimated Characteristic, Dark Red 

– Imaginary Part of Measured Characteristic, Purple – Imaginary Part of Estimated 

Characteristic, Light Blue – Imaginary Part of Fitted Characteristic. 

Figure 49: Sample 2 Fitting Convergence Depending on Loss Tangent Value, Dark Blue 

– Real Part of Measured Characteristic, Green – Real Part of Estimated Characteristic, 

Dark Red – Imaginary Part of Measured Characteristic, Purple – Imaginary Part of 

Estimated Characteristic, Light Blue – Imaginary Part of Fitted Characteristic; (a) Loss 

Tangent 0.03; (b) Loss Tangent 0.3; (c) Loss Tangent 2; (d) Loss Tangent 3. 
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Figure 50: Sample 3 Real and Imaginary Part of Complex Permeability: Dark Blue – Real 

Part of Measured Characteristic, Green – Real Part of Estimated Characteristic, Dark Red 

– Imaginary Part of Measured Characteristic, Purple – Imaginary Part of Estimated 

Characteristic, Light Blue – Imaginary Part of Fitted Characteristic. 

 

Figure 51: Sample 3 Fitting Convergence Depending on Loss Tangent Value, Dark Blue 

– Real Part of Measured Characteristic, Green – Real Part of Estimated Characteristic, 

Dark Red – Imaginary Part of Measured Characteristic, Purple – Imaginary Part of 

Estimated Characteristic, Light Blue – Imaginary Part of Fitted Characteristic; (a) Loss 

Tangent 0.03; (b) Loss Tangent 0.3; (c) Loss Tangent 2; (d) Loss Tangent 3. 
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Based on the complex permeability curve fitting results, it was assumed that the 

loss tangent is equal to 4 across the entire frequency range. This assumption does not 

affect low-frequency calculations but allows reasonably good curve-fitting results close 

to and above the inductor's self-resonance. 

The 𝜇𝑟
′′
𝑓𝑖𝑡𝑡𝑒𝑑 value was obtained during an iterative sweep, specifically a sweep 

from 1 to 2400 with a step size of 1. 

As can be seen in the plots (Figure 48, Figure 49a-d, Figure 50, Figure 51a-d), the 

fitted values of the imaginary part of complex permeability flatten out at low frequencies, 

being stripped away from the influence of winding resistance, as predicted in [189]. The 

estimated and measured complex permeability characteristics align at higher 

frequencies, suggesting that they are closely fitted. The relative fitting error 

between  𝜇𝑟𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑
′′ and 𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑

′′  does not exceed 2% for the loss tangent greater than 2 

for both of the testing samples. This demonstrates that the inductor model accurately 

represents reality, and the proposed method appears to be correct.  

The method heavily depends on the inductor stray capacitor ESR (𝑅𝐶𝑠) value 

(Figure 49a-d, Figure 51a-d). Unfortunately, there is insufficient data available to prove 

or disprove this phenomenon and to clearly estimate the ESR value across the frequency 

range. The approach to limit its range and estimate its value will be shown next. 

4.1.2 Test-Bench Estimation of Inductor Stray Capacitor ESR Value. 

The ESR of the inductor stray capacitor (𝑅𝐶𝑠) depends on the dielectric loss 

tangent (equation (160)) of several materials (Figure 32). As it is suspected, one of the 

biggest contributors to the ESR is the loss tangent of the core coating and the core itself. 

In order to verify this, a homemade testing fixture has been developed (Figure 52a-b). 

The test fixture features a set of two electrodes positioned on adjustable arms to 

fit between toroidal cores with an external diameter of up to 25 mm. During the test, a 

sample is placed between electrodes and its admittance is measured.  

In the method presented in this paper, calculations are performed using an 

inductor series equivalent model, as outlined in equations (176-181). 

During the measurement, the inductor core, together with its coating, is placed 

between electrodes, and its impedance is measured using a Bode 100 VNA. Before 

measurement, to minimize any possible measurement error, the short, open, and load 
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Figure 52: Complex Permittivity Test-Bench;(a) Test-Bench; (b) Test Fixture. 

 

  
(a) (b) 

Figure 53: Coating-to-Core Permittivity and Loss Tangent Characteristics; (a) Real and 

Imaginary Parts of Complex Permittivity: Grey—Real Part of Sample 2; Yellow—

Imaginary Part of Sample 2; Blue—Real Part of Sample 3; Orange—Imaginary Part of 

Sample 3; (b) Loss Tangent: Orange—Sample 2; Blue—Sample 3. 

compensation is performed. Fortunately, the loss tangent is not directly dependent on 

the sample size and shape except for the effect of dimensional resonance (equations (176-

180)). This phenomenon [191], [205] in this particular case depends on more than the 

influence of the granular structure of the 3C90 ferrite, and this will be discussed later in 

this chapter. 

The test results show (Figure 53a-b) that the loss tangent of the polyamide 11 

(PA11) dielectric coating to 3C90 ferrite core for both samples (Sample 2 and Sample 3) 

can reach up to 0.048 at inductor self-resonant frequency and up to 0.16 at 13MHz, which 
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Figure 54: Sample 2 and Sample 3 Loss Tangent and Complex Permittivity 

Characteristics; (a) Loss Tangent, Orange – Sample 2, Blue – Sample 3; (b) Loss Tangent 

– Zoom at Self-Resonant Frequency, Orange – Sample 2, Blue – Sample 3; (c) Real and 

Imaginary Part of Complex Permittivity: Gray – Real Part of Sample 2, Yellow – 

Imaginary Part of Sample 2, Blue – Real Part of Sample 2, Orange – Imaginary Part of 

Sample 3; (d) Real and Imaginary Part of Complex Permittivity Zoom at Self-Resonant 

Frequency: Gray – Real Part of Sample 2, Yellow – Imaginary Part of Sample 2, Blue – 

Real Part of Sample 2, Orange – Imaginary Part of Sample 3. 

is the end of the complex permeability measured range. The 0.16 value sets the lower 

limit for the sought loss tangent. This value, even though expected, is surprisingly low 

and far from the assumed 4. In fact, a toroidal inductor has a relatively complex 

structure, and thus, the loss tangent mechanism might originate somewhere else. 

One of the ways to figure this out is to look at the inductor’s behavior at and 

beyond its self-resonant frequency, where the inductor becomes a capacitor, and the 

complex permittivity defines its value and the value of the loss tangent with regard to 

the whole inductor. 

The impedance sweeps of Samples 2 and 3 were performed again from 100 Hz to 

40 MHz, and the inductor admittance, complex permittivity, and loss tangent were 

calculated using equations (176-180) (Figure 54a-d). In this case, we do not know the 

exact value of the capacitor's thickness and cross-section, due to the non-obvious 
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capacitor structure, which is, in fact, a toroidal inductor. The loss tangent does not 

depend significantly on the sample thickness and cross-section; therefore, equation (176) 

can be simplified to equation (181), as discussed in Chapter 3. 

The characteristics show an exponential decay of the loss tangent, ranging from 

approximately 753 for Sample 2 and 156 for Sample 3 at the inductor self-resonant 

frequency to approximately 2.7 for Sample 2 and 2.3 for Sample 3 at 13 MHz. The sought 

loss tangent value lies somewhere between these extremes, and if we include the value 

from the previous measurement, the possible loss tangent range starts from 0.16 to 753 

for sample 2 and 0.16 to 156 for sample 3.  

Because the equivalent inductor model beyond self-resonant frequency consists 

of two parallel branches of a series R-C connection, it is difficult to distinguish the exact 

value of the inductor stray capacitor ESR (𝑅𝐶𝑠) directly from the measurement of the 

overall capacitive inductor admittance/impedance. The loss tangent range does not give 

us an exact answer to what the loss tangent is, but it narrows the possible choice.  

The calculations and test-bench results show that the best-fitting results are 

obtained with the peak loss tangent values at inductor self-resonance. It suggests that 

the stray capacitance has only a negligible impact on the complex permeability values in 

the method presented herein. 

A better understanding of the origin of inductor stray capacitance and its ESR 

requires an investigation of core resonance phenomena and their influence on complex 

permeability values, which will be presented next. 

4.1.3 Test-Bench Verification of the Influence of Core Natural and Dimensional 

Resonance on Complex Permeability. 

As it was stated in Chapter 3, there are at least three factors which contribute to 

the resonance in Mn-Zn ferrites [48], [206-207], namely: 

• resonance due to the windings’ stray capacitance and the inductor  

self-inductance, 

• the windings behave as a distributed constant line, 

• inherent characteristics of the magnetic material. 
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Figure 55: Sample 2 and Sample 3 Real Part of Complex Permeability Characteristics at 

Different Number of Turns and Snoke’s Limit; (a) Sample 2, Blue – 1 Turn, Red – 2 Turns, 

Green – 6 Turns, Violet – 8 Turns, Light-Blue 10 Turns, Orange – Snoke’s Limit; (b) 

Sample 3, Blue – 1 Turn, Red – 2 Turns, Green – 6 Turns, Violet – 8 Turns, Light-Blue 10 

Turns, Orange – Snoke’s Limit. 

As stated, the inductor's stray capacitance and its ESR, which are assumed to be 

mostly related to the windings, do not appear to impact the inductor's complex 

permeability characteristics, and the stray capacitor is somehow excluded from the 

overall calculations. It contradicts what one might expect and suggests that the inductor 

resonance originates somewhere else. 

Moreover, the phenomenon where the winding behaves as a distributed constant 

line is most pronounced in inductors with multiple turns at multi-megahertz 

frequencies, in the form of self-repeating resonance. This phenomenon is not visible in 

Figure 47a-d, so it shall also be excluded. 

The resonance phenomenon, which still applies, is the resonance resulting from 

the inherent characteristics of the magnetic material. In this case, there are two 

phenomena: 

• natural resonance, 

• dimensional resonance. 

The natural resonance happens to the ferrites with high magnetic permeability 

due to the resonance of magnetization rotation under the action of the anisotropy field 

[48], [206-207]. 

Above the resonance, the real part of the complex permeability drops along the line 

known as Snoke’s limit.  
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Table 4: Dummy Core-Based Sample 2 and Sample 3 Parameters. 

As shown in Figure 55a-b, the change of the real part of complex permeability 

characteristics for Sample 2 and Sample 3 is preceded by the permeability increase and 

then followed by its sharp drop. The drop happens way before Snoke’s limit, which 

suggests that the magnetic resonance cannot be attributed to the natural resonance but 

rather to the second phenomenon, which is related to the shape and dimensions of the 

inductor core. 

As mentioned, the phenomenon of dimensional resonance is clearly visible in 

Figure 55a-b, where the real part of the complex permeability increases just below the 

resonant frequency and then sharply drops above the resonance way before Snoke’s 

limit. The characteristics indicate that the resonant frequency is almost independent of 

the number of winding turns, suggesting that the inductor's stray capacitance and its 

ESR in a given configuration are primarily due to the capacitance and ESR of the core, 

which will be discussed in the next paragraph. 

4.1.4 Test-Bench Verification of Inductor Stray Capacitance. 

This method has been verified in two ways: empirically through laboratory 

measurements and by finite element method (FEM) analysis, as will be shown in Chapter 

5.  

In the laboratory measurement, the inductors’ windings have been wound on the 

acrylonitrile butadiene styrene (ABS) dummy cores with assumed relative permeability 

(𝜇𝑟) equal to 1. This approach would allow for keeping the turns properly structured 

without the influence of the ferrite core and with a negligible impact on the windings' 

capacitance by the non-magnetic dummy core. The parameters of the dummy cores are 

given in Table 4. 

Initially, the self-inductance of the windings was measured at approximately 5 

MHz, which corresponds to the plateau region of the impedance phase and a phase shift 

of approximately 90 degrees (Figure 56a-b). Then, the windings’ self-resonant frequency  

Sample No. 
MLT 

[mm] 

di 

[mm] 

d0  

[mm] 

r 

[-] 

N 

[-] 

Ldc 

[nH] 

SRFdc 

[MHz] 

Ctt 

[pF] 

Cswc 

[pF] 

Csnc 

[pF] 

Csdc 

[pF] 

Csdc(meas) 

[pF] 

Sample 2 34.5 0.75 0.775 4 10 211 305 7.18 9.80 0.80 1.09 1.29 

Sample 3 42.0 0.75 0.775 4 10 328 236 8.74 11.93 0.97 1.33 1.39 
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Figure 56: Sample 2 and Sample 3 width ABS Dummy Core; (a) Sample 2 Inductance 

Value measured at 5 MHz, Red – inductance Value, Blue – Impedance Phase; (b) Sample 

3 Inductance Value Measured at 5 MHz, Red – Inductance Value, Blue – Impedance 

Phase; (c) Sample 2 Imaginary Part of Z11 Impedance with Visible Resonant Transition, 

Blue – Impedance Value, Orange – Impedance Phase; (d) Sample 3 Imaginary Part of Z11 

Impedance with Visible Resonant Transition, Blue – Impedance Value, Orange – 

Impedance Phase.  

was captured using an HP8753E VNA (Figure 56c-d) with the 1-port method. The 

measured winding capacitance is simply a product of the inductor’s self-resonant 

frequency and the value of inductance, which is: 

The empirical results show that the winding capacitance wound on the non-

magnetic dummy core shall be considered as an interwinding capacitance between wire 

windings themselves (equation (186)); however, taking into account a slight increase of 

the capacitance due to the presence of a core material with certain permittivity (equation 

(189)). Moreover, the results show that the method given in [4] gives consistent results 

with a relative discrepancy between 𝐶𝑝 (Table 3) and 𝐶𝑠𝑤𝑐 (Table 4) to be 28.2% for 

sample 2 and 4.4% for Sample 3. Even better results are obtained for the inductors with 

the dummy cores, with a discrepancy between 𝐶𝑠𝑑𝑐 and 𝐶𝑠𝑑𝑐(𝑚𝑒𝑎𝑠) to be 15.5% for Sample 

2 and 4.3% for Sample 3 (Table 4).  
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𝐶𝑠𝑑𝑐(𝑚𝑒𝑎𝑠) =
1

(2𝜋𝑆𝑅𝐹𝑑𝑐)
2 ⋅ 𝐿𝑑𝑐

 (231) 

Frequency Trace 1 Trace 2

Cursor 1 5 MHz 211.474 nH 88.561 o Frequency Trace 1 Trace 2

Cursor 1 5 MHz 328.294 nH 88.511 o
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Figure 57: Relative Fitting Error Between 𝜇𝑟𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑
′′ and 𝜇𝑟𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒𝑑

′′ ; (a) Sample 1, Orange - 

𝑡𝑎𝑛𝑑𝛿 = 0.03, Blue 𝑡𝑎𝑛𝛿 = 0.3; (b) Sample 1, Green - 𝑡𝑎𝑛𝑑𝛿 = 2, Grey - 𝑡𝑎𝑛𝑑𝛿 = 3, red - 

𝑡𝑎𝑛𝑑𝛿 = 4; (c) Sample 2, Orange - 𝑡𝑎𝑛𝑑𝛿 = 0.03, Blue 𝑡𝑎𝑛𝛿 = 0.3; (d) Sample 2, Green - 

𝑡𝑎𝑛𝑑𝛿 = 2, Grey - 𝑡𝑎𝑛𝑑𝛿 = 3, Red - 𝑡𝑎𝑛𝑑𝛿 = 4. 

The results show that, if the inductor stray capacitor ESR loss tangent is correctly defined 

(in case of Sample 2 and Sample 3 are set above 2), then it is possible to obtain a relative 

fitting error less than 2% along the entire frequency range (Figure 57a-d). 

4.2 Experimental Verification of the iRESE Method. 

The test-bench measurement and verification of the iRESE method have been done on 

three toroidal inductors using cores made by Ferroxcube. These are: TN10/6/4-3C90 - 

Sample 7, TN10/6/4-3C94 - Sample 8, and TN13/7.5/5-3F3 -Sample 9, wound with three 

turns of bifilar winding made of DNE 0.65 copper wire as shown in Figure 58a-c. The air 

core transformer was constructed using a TN58/18/9 – Air Trafo non-magnetic core made 

of ABS plastic, featuring 10 turns of bifilar winding made from DNE 0.65 mm copper 

wire, as shown in Figure 58d. 

The switching frequencies of the testing setup have been chosen to be 100 kHz, 200 kHz, 

and 300 kHz, respectively, which are typical values for modern SMPSs and also  
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(a) (b) 

  
(c) (d) 

Figure 58: Structure of the Inductors under Test; (a) Sample 7; (b) Sample 8; (c) Sample 

9; (d) Air Trafo. 

 

  

(a) (b) 

  
(c) (d) 

Figure 59: Test-Bench Setup; (a) Entire Test-Bench View; (b) Zoom on Test-Bench 

Circuitry; (c) View on Arduino-Based Oil-Batch Temperature Control; (d) Oil-Bath 

Stirred and Heated up by Steinberg Magnetic Stirrer.  
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Figure 60: Simplified Test-Bench Measurement System. 

the recommended values by the core manufacturers for each of the tested core materials. 

The main test-bench setup is shown in Figure 59a-d. It consists of a 12-bit LeCroy 

HDO6104-MS 1 GHz oscilloscope, a Rigol DG992 SiFi II 2-channel 100 MHz arbitrary 

signal generator, a Rigol DM3068 digital multimeter, a Rigol DP832A programmable DC 

power supply, and an FPA301-20W 10 MHz function generator amplifier. The voltage 

signals were measured using two TESTEC TT-LX 312 voltage probes, while the LeCroy 

CP031A current probe measured the current. 

As shown in Figure 59d, the inductors under test were submerged in an oil bath 

to heat them to the required temperature and then maintained at this temperature. 

Moreover, the oil bath has been further encapsulated within a plastic container for 

additional temperature insulation, fume removal, and to facilitate a close setup of the 

remaining circuitry to the inductor, as shown in Figure 59b. The temperature control has 

been implemented using an Arduino platform, along with a set of relays, as shown in 

Figure 59c. The Arduino used a DS18B20 sensor to monitor and adjust temperature 

variations, and it was synchronized with a K-type thermocouple used by the Rigol 

DM3068 as a reference. This setup allowed for keeping the constant temperature within 

±2°𝐶. The circuit schematic of the test bench is shown in Figure 60. 

As can be seen in Figure 60, instead of using a current sensing resistor that might 

introduce significant phase discrepancy between the primary magnetizing current 𝑖𝑚 

and the secondary side magnetizing voltage 𝑉𝑚 of the inductor under test, the LeCroy 

CP031A current probe has been used. The current probe features a 1 mA/Div sensitivity, 
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an amplitude accuracy of ±1% of reading, a measurement range of up to 30 A, and a 100 

MHz bandwidth, which outperforms any current sensing resistor measurement 

methodology. Moreover, to limit the possible phase discrepancy between the primary 

magnetizing current 𝑖𝑚 and the inductor secondary side magnetizing voltage 𝑉𝑚 the 

current probe has been deskewed with the voltage probes using the LeCroy DCS015 

deskewing fixture. 

The voltage probes themselves have been deskewed amplitude-wise and phase 

discrepancy-wise by measuring the same voltage of 2 V peak-to-peak value with 50 ns 

rising/falling slopes and 50% duty-cycle ratio at 500 kHz switching frequency using both: 

(i) Rigol DG992 SiFi II signal generator, and (ii) as described in section 2 by measuring 

the same voltage and then calculating an integral 
1

𝑇
∫ 𝑣𝑚

′ 𝑖𝑚𝑑𝑡
𝑇

0
 for each of them. The 

results were adjusted using deskew functions in the oscilloscope until the calculated 

integrals showed the same value. 

The coupling capacitor 𝐶𝑐𝑜𝑢𝑝 has been chosen as a set of capacitors connected in 

parallel to maintain a constant DC blocking value at various excitation levels and limit 

the parasitic resistance introduced by it to below 100 mΩ at switching frequencies 

ranging from 100 kHz to 300 kHz. 

The values of the inductor under test and the air core transformer inductances 

have been chosen as a trade-off between the measurement accuracy and the limitation 

of the switching noise introduced by the inductors’ inductances themselves, as well as  

Table 5: Parameters of Inductors under Test and Air Core Transformer @ 25 °C and 10 

kHz. 

Table 6: Parameters of Inductors under Test and Air Core Transformer @ 100 °C and 10 

kHz. 

Description Core Material N 
Lprim 

[H] 

Lsec 

[H] 

Lleak_prim 

[nH] 

Lleak_sec 

[nH] 

Rleak_prim 

[mW] 

Rleak_sec 

[mW] 

Cinter_wind 

[pF] 

Rcp 

[W] 

fres 

[MHz] 

Sample 7 TN10/6/4 3C90 3 8.184 8.058 239.665 238.684 23.727 17.093 14.751 107.427 16.492 

Sample 8 TN10/6/4 3C94 3 9.719 9.751 249.976 236.226 13.048 12.855 12.903 111.939 11.543 

Sample 9 TN13/7.5/5 3F3 3 9.736 9.620 172.545 183.281 11.306 10.078 12.454 128.580 8.201 

Air Trafo TN58/18/9 Air 10 0.476 0.476 395.626 371.912 24.617 29.967 25.676 - 100 

Description Core Material N 
Lprim 

[H] 

Lsec 

[H] 

Lleak_prim 

[nH] 

Lleak_sec 

[nH] 

Rleak_prim 

[mW] 

Rleak_sec 

[mW] 

Cinter_wind 

[pF] 

Rcp 

[W] 

fres 

[MHz] 

Sample 7 TN10/6/4 3C90 3 18.376 18.307 189.042 191.497 21.881 22.56 78.647 150.708 4.800 

Sample 8 TN10/6/4 3C94 3 11.708 11.288 182.671 199.912 23.270 21.437 95.059 148.843 7.368 

Sample 9 TN13/7.5/5 3F3 3 17.931 17.878 196.525 171.681 26.126 24.991 27.125 171.068 4.722 

Air Trafo TN58/18/9 Air 10 - - - - - - - - - 
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their parasitic capacitances. The further limitation of the switching noise has been done 

by the limitation of the square waveform excitation signal slew rate to 50 ns on both 

signal edges. The detailed parameters of the tested inductors and air-core transformer 

have been obtained using a Bode 100 impedance analyzer and are presented in Table 5 

at 25 °C/10kHz and in Table 6 at 100 °C/10kHz, where: 𝐿𝑝𝑟𝑖𝑚 – primary side inductance 

with secondary side open, 𝐿𝑠𝑒𝑐 – secondary side inductance with the primary side open, 

𝐿𝑙𝑒𝑎𝑘_𝑝𝑟𝑖𝑚 – primary side leakage inductance with secondary side shorted, 𝐿𝑙𝑒𝑎𝑘_𝑠𝑒𝑐 – 

secondary side leakage inductance with the primary side shorted, 𝑅𝑙𝑒𝑎𝑘_𝑝𝑟𝑖𝑚 – primary 

side leakage resistance with secondary side shorted, 𝑅𝑙𝑒𝑎𝑘_𝑠𝑒𝑐 – secondary side leakage 

resistance with the primary side shorted, 𝐶𝑖𝑛𝑡𝑒𝑟_𝑤𝑖𝑛𝑑 – interwinding capacitance with 

primary and secondary sides shorted, 𝑅𝑐𝑝 – core resistance measured as the value of 

impedance at inductor self-resonance, 𝑓𝑟𝑒𝑠 – frequency at inductor self-resonance. 

Moreover, the further reduction of any unwanted noise or floating potential has 

been achieved by connecting the oscilloscope, the signal generator, the DC power 

supply, the primary and secondary sides of the inductors under test, and the air 

transformer to the same ground plane, as shown in Figure 59 and Figure 60, respectively. 

All data processing is performed in the LTspice simulator. 

4.2.1 Reversible Permeability Measurement.  

STEP I 

The calculations start with establishing small- and large-signal reversible 

permeability roll-off required to estimate the 𝜎 and 𝜂 coefficients shown in equation 

(223). These coefficients will be used to adjust the OSE calculations when the excitation 

signal goes into the non-linear region.  

First, the B-H characteristics of each of the inductors must be measured at 25°𝐶 

and 100°𝐶, respectively. Because the anhysteretic curve is assumed to be frequency 

invariant, the calculations are based solely on the B-H curves captured at 100 kHz. As 

shown in Figure 61a-c, the lowest testing frequency corresponds to lower inductor 

impedance, resulting in higher magnetic field intensity values and more pronounced 

saturation effects. The characteristics reach different values at the far ends of negative 

and positive. This is due to the FPA301-20W signal amplifier’s limitations, as it operates 

beyond its nominal range under these conditions. The small jump visible in the  
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(a) 

 
(b) 

 
(c) 

Figure 61: B-H Characteristics @ 100 kHz; (a) Sample 7, Orange - @ 25°C, Blue – @ 100°C; 

(b) Sample 8, Orange - @ 25°C, Blue - @ 100°C; (c) Sample 9, Orange - @ 25°C, blue - @ 

100°C. 

characteristics near the positive coercive field value is attributed to the reset of the 

voltage integral in LTspice. 

The calculations of reversible permeability were split into two parts. The small-

signal reversible permeability 𝜇𝑟𝑒𝑣 is used to adjust calculations during DC bias 

premagnetization and is based on the approach by Esguerra et al. [219-223]. The large-  
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Table 7: Esguerra et al. Fitted Coefficients @ 25 °C. 

Table 8: Esguerra et al. Fitted Coefficients @ 100 °C. 

signal reversible permeability 𝜇𝑟𝑒𝑣(𝑎) adjusts the calculations if the excitation signal 

reaches the B-H curve non-linear region, and is based on an iterative approach, 

measuring the changes of B and H along the B-H curve at each adjacent step, where the 

B-H curve measurement was performed. The fitting coefficients for the Esguerra et al. 

approach at 25 °C and 100 °C are given in Table 7 and Table 8, respectively, where: 𝜇𝑐 – is 

a large-signal permeability measured at the coercive field, 𝜇𝑖 – is an initial small-signal 

permeability measured by Bode 100 @ 10 kHz, 𝑎, 𝛼0, 𝐵𝑠𝑎𝑡 – are the fitting coefficients. 

In general, the relative values of both permeability roll-offs exhibit similar 

behavior at 100 °C, as shown in Figure 62a-c. 

Because calculations of the original Steinmetz equation (OSE) involve 

temperature adjustments, knowledge of the change in the large-signal relative 

permeability roll-off with temperature is also required. This is illustrated in Figure 63a-

c for 25 °C and 100 °C, respectively. The difference between these values is linearly 

interpolated in calculations.  

Having the above data already analyzed, it is now possible to estimate the 𝜎 and 

𝜂 shown in equation (223) and go to STEP II-IV. 

4.2.2 Estimation of Original Steinmetz Equation Coefficients.  

STEP II-III 

 

Description 𝝁𝒄 𝝁𝒊 a 𝜶𝟎 Bsat [T] 

Sample 7 5627 2120 3.1848 10.05 0.48 

Sample 8 7236 2639 1.84 9.06 0.46 

Sample 9 6464 1963 2.83 12.84 0.51 

Description 𝝁𝒄 𝝁𝒊 a 𝜶𝟎 Bsat [T] 

Sample 7 6778 5070 3.22 2.56 0.36 

Sample 8 4187 3235 3.73 2.69 0.37 

Sample 9 6939 3975 2.89 4.86 0.41 
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(a) 

 
(b) 

 
(c) 

Figure 62: Small 𝜇𝑟𝑒𝑣𝑟𝑒𝑙 and Large-Signal 𝜇𝑟𝑒𝑣𝑟𝑒𝑙(𝑎) Relative Reversible Permeability 

Characteristics @ 100 kHz and 100oC: (a) Sample 7, Orange – Large Signal Relative 

Reversible Permeability, Blue – Small Signal Relative Reversible Permeability; (b) 

Sample 8, Orange – Large Signal Relative Reversible Permeability, Blue – Small Signal 

Relative Reversible Permeability; (c) Sample 9, Orange – Large Signal Relative Reversible 

Permeability, Blue – Small Signal Relative Reversible Permeability. 

The core power loss and the coefficients describing the OSE equation have been 

measured at 100°𝐶, placing the inductors under test in the heated oil bath. The value of 

the magnetic flux density was extracted from the 𝑉𝑚 inductor voltage of sinusoidal shape  
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(a) 

 
(b) 

 
(c) 

Figure 63: Large Signal Reversible Permeability 𝜇𝑟𝑒𝑣_𝑟𝑒𝑙(𝑎) Characteristics @ 100 kHz: (a) 

Sample 7, Blue – Large Signal Relative Reversible Permeability @ 25°C, Orange – Large 

Signal Relative Reversible Permeability @ 100°C; (b) Sample 8, Blue – Large Signal 

Relative Reversible Permeability @ 25°C, Orange – Large Signal Relative Reversible 

Permeability @ 100°C; (c) Sample 9, Blue – Large Signal Relative Reversible Permeability 

@ 25°C, Orange – Large Signal Relative Reversible Permeability @ 100°C. 

by integration of the measured signal in LTspice. The switching frequencies were set to 

100 kHz, 200 kHz, and 300 kHz, respectively. 

At this stage, there is no DC component in the excitation signals, and thus, the 𝜎 
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coefficient was set to 1.0, while the 𝜂 coefficient was set accordingly to the amplitude of 

the magnetic flux density and the reversible permeability change as shown in Figure 

63a-c. The coefficient fitting was performed using the Excel Solver and the least squares 

method. 

The STEP III was conducted in a similar manner, where the temperature of the 

tested inductors was swept from 25 °C to 120 °C at magnetic flux densities of 100 mT at 

100 kHz and 50 mT at 200 kHz and 300 kHz, respectively. The fitting of a fifth-degree 

polynomial was performed using the OriginLab software this time. 

The power loss measurement results are shown in Figure 64a-f, overlaid on the 

power loss characteristics taken directly from the manufacturer’s datasheets for 

reference. The fitting coefficients are shown in Table 9, Table 10, and Table 11, 

respectively, where: 𝑓𝑠 is the switching frequency. 

As shown in Figure 64a-f, the data obtained from the manufacturers’ datasheets 

and the test-bench measurements are consistent for 3C90 and 3F3 but differ significantly 

for 3C94. It is likely due to high material spreads during the manufacturing process, 

highlighting the importance of material verification before mass-producing of any 

magnetic components. This should mainly involve Monte-Carlo analysis.  

 

Table 9: Sample 7 OSE and Temperature Fitting Coefficients. 

Table 10: Sample 8 OSE and Temperature Fitting Coefficients. 

Table 11: Sample 9 OSE and Temperature Fitting Coefficients. 

Description 𝒇𝒔 [𝒌𝑯𝒛] 𝒌 𝜶 𝜷 𝝃𝟓 𝝃𝟒 𝝃𝟑 𝝃𝟐 𝝃𝟏 𝝃𝟎 

Sample 7 

100 0.791 1.529 2.629 -2.45E-9 8.91E-7 -1.20E-4 0.0076 -0.25586 5.515 

200 0.904 1.504 2.525 -1.94E-9 7.29E-7 -1.02E-4 0.0068 -0.23982 5.322 

300 0.970 1.485 2.393 -2.18E-9 8.40E-7 -1.21E-4 0.0083 -0.27899 5.234 

Description 𝒇𝒔 [𝒌𝑯𝒛] 𝒌 𝜶 𝜷 𝝃𝟓 𝝃𝟒 𝝃𝟑 𝝃𝟐 𝝃𝟏 𝝃𝟎 

Sample 8 

100 0.848 1.581 2.761 -6.01E-10 2.30E-7 -3.20E-5 0.00227 -0.09287 2.644 

200 0.810 1.540 2.508 -5.91E-10 2.11E-7 -2.80E-5 0.00195 -0.0823 2.418 

300 0.838 1.533 2.461 -3.49E-10 1.06E-7 -1.09E-5 6.01E-4 -0.02716 1.553 

Description 𝒇𝒔 [𝒌𝑯𝒛] 𝒌 𝜶 𝜷 𝝃𝟓 𝝃𝟒 𝝃𝟑 𝝃𝟐 𝝃𝟏 𝝃𝟎 

Sample 9 

100 0.811 1.547 2.704 -2.51E-9 8.77E-7 -1.12E-4 0.00681 -0.22914 5.049 

200 0.709 1.571 2.769 -2.54E-9 8.87E-7 -1.15E-4 0.00729 -0.25979 5.875 

300 0.826 1.503 2.421 -2.27E-9 8.18E-7 -1.10E-4 0.00703 -0.23142 4.443 


